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B pa6oTe flOKa3aHO o6o6nieHHe TeopeMbi BepTpaHa Ha cnyuaii aScTpaKT- 
hmx noBepxHOCTeii BpameHHa, He HMeroiuHx "sKBaTopoB". JlpKasan KpHTepnH 
cymecTBOBaHHa Ha TaKoii noBepxHOCTH pobho flByx iieHTpajibHbix noTeHinia- 

JIOB (c TOUHOCTbK) flO a/LTHTHBHOH H MyjIbTHnjIHKaTHBHOH KOHCTaHT) , flJTa KO- 

Topbix Bee orpaHHneHHbie opSnTbi 3aMKHyTbi h HMeeTca orpaHHueHHaa Heoco- 
6aa HeKpyroBaa op6nTa. ,I[oKa3aH KpHTepHH cymecTBOBaHHa pobho oflHoro 
TaKoro noTeHHHajia. H3yueHbi reoMeTpna h KjiaccHtpHKainia cooTBeTCTByio- 
irrHX noBepxHOCTeii, c yKa3aHHeM napbi (rpaBHTauHOHHOro h ocn;HjijiaTOpHOro) 
noTeHHjHajiOB hjih eflHHCTBeHHoro (ocirHjrjiaTopHoro) noTeHiniajra. noKa3aHO, 
uto Ha noBepxHOCTax, He OTHOcarnrixca hh k o^HOMy H3 onHcaHHbix KjraccoB, 
noTeHH,HajiOB HCKOMoro BHfla He cyniecTByeT. 

KjironeBfaie cjioBa: Teopeivia BepTpaHa, o6paTHaa 3aflaia flHHaMHKH, no- 
BepxHOCTb BpameHHa, flBHsceHHe b iieHTpajrbHOM nojie, 3aMKHyTbie op6nTbi 

D. A. Fedoseev, E. A. Kudryavtseva, O. A. Zagryadsky 

Generalization of Bertrand's theorem to surfaces of 

revolution 

The generalization of Bertrand's theorem to abstract surfaces of revolution 
without "equators" is proved. We prove a criterion for the existence on such a 
surface of exactly two central potentials (up to an additive and a multiplicative 
constants) all of whose bounded nonsingular orbits are closed and which admit 
a bounded nonsingular noncircular orbit. A criterion for the existence of 
a unique such potential is proved. The geometry and classification of the 
corresponding surfaces are described, with indicating either the pair of (gravi- 
tational and oscillator) potentials or the unique (oscillator) potential. The 
absence of the required potentials on any surface which does not meet the 
above criteria is proved. 
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§ 1. BBe^eHHe 

1.1. KjiaccHHecKHe pe3yjibTaTbi. Bo BTopoft nojiOBHHe XIX Bexa 6bijia no- 
CTaBjieHa n peineHa cjie/ryioinaH 3a,n,aHa o ^bh^kchhh tohkh b eBKjiH/jOBOM npo- 
CTpaHCTBe M 3 (>K.BepTpaH [1]): HaiiTii 38lkoh ciijim npiiTfiiKeiiiifi, ecjin oua 3Slbiiciit 

TOJIbKO OT paCCTOHHHSI II 3aCTaBJISieT CBOK) TOHKy npHjioxeima OnHCblBaTb 3aMKHy- 

ryio xpHByio, xaKOBhi 6bi hii 6bijiii HanajihHhie ycjiOBHsi, ecjin tojibko wanajibwasi 
CKopocTb tohkh MeHbuie HexoToporo irpeppjia. 

3aMeTHM, hto, xoth cpopMyjinpoBajiacb 3Ta 3a^,ana pjisi ^bidkehhh tohkh b eB- 
kjih/jobom npocTpaHCTBe K 3 , b cnjiy neHTpajibHOCTH paccMaTpHBaeMbix noTemxHa- 
jiob ee peineHHe cbo/hitch k paccMOTpeHHio /n3H>KeHHH tohkh no cbkjih^oboh njioc- 

KOCTH M 2 . 

Bbijia TaKJKG nocTaBjieHa h peineHa cxo/nraa sa^ana (RKeHHrc [2]): 3naa, hto 
CHjia, BbT3bmaK>inasi /^bh^kghhg njianeTbi Bonpyr CojiHi^a, 3aBiiciiT mjibKO ot pac- 
ctohhiisi ii TanoBa, hto ona 3acraBjisieT cbok> TOHKy npiuioiKeHiifi oniicbiBarb anre6- 
paiiHecnyio npiiByio, naKOBbi 6bi hii 6bijiH HanajibHbie ycjiOBHfi, npiineM cymecTByiOT 
orpaHiiHCHHbie Heoco6bie HenpyroBbie op6iiTbi, Ha&Tii 3anoH aroS: ciijim. 

06e 3a,n,aHH 6bijih penieHbi b eBKjiH/jOBOM npocTpaHCTBe K 3 h otbct o/nmaKOB 

- 3aKOH npHTH>KeHHH MO>KeT HM6Tb JIh6o HbKJTOHOBCKHH (t.C rpaBHTanHOHHblii) 
BMfl, C CHJIOH npHTH>KeHHH — JIH60 ryKOBCKHH (T.e. OCH,HJIJIHTOpHbIH) BH/l, C ch- 
jioh npHTH>KeHHH — kr, iyje r - paccTOHHHe ot tohkh ^o npHTarHBaioinero neHTpa. 
,H,pyrHMH cjiOBaMH, ypaBHeHHH jxbh^kchhh tohkh hmciot bhjj, j^r — — p-r jih6o 

= — fcr, iyje r = fit) G K 3 - pajrnyc-BeKTop tohkh (njiaHeTbi); r = \f\, G = 
const > 0, k = const > 0. nepBaa 3a,n,aHa 6bijia penieHa >K.BepTpaHOM h T.^apGy 
[1, 3], cm. TaK»ce [4, 5]. BTopaa penieHa F.KeHHrcoM [2]. 

B pa6oTe [1] >K.BepTpaHOM 6bijia ccpopMynnpoBaHa h ,n,OKa3aHa cjie/ryioinaji Teo- 
peMa (b ^eiicTBHTejibHOCTH, npn jjpnojiHHTejibHOM npe/nrojiojKeHHH o tom, hto n,eH- 
TpajibHbin noTeHiniaji hbjihctch cnjibHO 3aMbiKaK>ni,HM, cm. onpe/jejieHne 2). 

Teopema 1 (JK.Beptpah, 1873 [1]). B ceKAudoeoM npocmpancmee cymp- 
cmeywm poena 2 saKona npumsioKCHUSi c aHaJiumuuecKUM ufiwrnpaAWbiM nomen- 
v t uaAOM, npu nomoptix ecsiKasi mpaeKmopusi moHKU P, deuotcyu^eiicM eoKpyz neno- 
deuotcnou moHKU O ( npu ycJioeuu, umo Koopdunamu nanaxbHozo noAootcenusi mou- 
ku u KOMncmeHmu ee HauantHou CKopocmu ne nponopv ) uoHaAbHU u HauaAtnasi 
cKopocmb moHKU Mewbwe neKomopozo npedejia, saeucsmifizo om HanaJitHozo nojio- 
Mcenusi moHKU P ), siejisiemcsi 3a,MKHymou, npuueM Heo6M3ameA'bHO necaMonepece- 
Katmu,eucM. 9muMU 3aKonaMU siejisiwmcsi 3a%0H Hbtomona c cuaou npumsidKenusi 
F\ = u 30Kon FyKCL c cuaou npumsiMceHusi F2 — ~kr, ede G > 0, k > 0. 

JXah 3aKcma cua Fp neoco6ue ozpanuueHHue neKpyzoeue op6umu 3adawmcsi nepu- 
oduuecKUMU (f>yHKU,UMMU r = r(ip) c MUHUMaAt>HUM noAociHzumeA'bHUM nepuodoM 
^ = 27r//3,/3 = l,2. 

ripHneM b cjiynae o6ohx noTeHiniajiOB (HbiOTOHOBCKoro, T.e. rpaBHTan,HOHHoro, 
V\(r) — — ^ h ryKOBCKoro, T.e. ocn,HjijiHTopHoro, V2(r) = k^) reoMeTpHnecKHH bh,h, 
op6nT 6y^eT o^him h TeM see: sto 6y,a,yT KOHnnecKHe ceneHHH, a b cjiynae 3aMKHy- 
thx op6nT — sjijinncbi c cpOKycoM hjih n,eHTpoM b tohkc npnTH»ceHHH. AHajior 
TeopeMbi 1 /jjih ccpepbi h njiocKOCTH JIo6aHeBCKoro ,n,OKa3aji T. Jln6MaH [6] . 
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Paccy»c,n,eHHH, co/jep^Kainiiecji b pa6oTax [1, 7, 6], ocHOBaHbi Ha cjie/ryioiHeM Tex- 
HH^ecKOM yTBep»yi,eHHH, KOTopoe BbiTeKaeT H3 pa6oTbi [1], h KOTopoe Mbi 6yn,eM 
Ha3biBaTb TexHHHecKoft TeopeMoft BepTpaHa. 

Teopema 2 (JK.Beptpah [1], texhhheckah teopema). PaccMompuM odno- 

,2 -I 

napaMempuuecKoe ceMeucmeo du(fxp'epeHU > uaAbHux ypaenenuu J-f + z = -^-^(z) 
na Jiyne z > c napaMempoM K G R \ {0}, zde = ^(z) - anajiumuHecKasi 
(fiyHKVjUJi, manasi nmo $f(z) > 0. (OyHKi^uR -A^^(z) na3ueaemcfi cuAoeou uau 
(fjyHK'nueu enemnux cua, a qiyHKV^usi —z— v i eHmpo6eotcHou cuaou uau enympeHHeu 
cuaou). OyHKu^um ^(z) na3oeeM pauiiOHajibHO 3aMbiKaioiHeft, ecAu (i) 3asi ecex K 
ece ozpanuueHHue Henocmosmnue peuienusi z = z(ip) sieAsuomcsi nepuoduuecKUMU 
(p"yHKu,uMMu c nepuodaMu, couaMepuMUMU c 2tt, (ii) ecswasi mouKa z > sieAsiemcsi 
neeupocHcdeHHUM ycmounueuM noAootceHueM paenoeecusi ypaenenusi npu \K\ = 
\/W{z)Jz. Gyuificmeymm dee u moAbKo dee pauiionaAwo 3aMUKa70ui > ue (fiymti^uu 
^ c moHHOcmbw do MyAbmunAUKamueHou KOHcmaHmu: ^(z) = ft 4_ 1 , zde j3 £ 
{1,2}, A > — npou3eoAt>Hasi MyAbmunAUKamuenasi Kcmcmanma. IIpu 3moM ece 
ogpanuneHHue nenocmoMHuue peuienusi sieAsuomcsi nepuoduuecKUMU (f>yHKv,ujiMu c 

MUHUMOLAbHUM TlOAOMCUmeAbHUM TiepUodoM $ = 2lT / j3 . 

B ,a,eftcTBHTejibHOCTH, TeopeMa 2 h HeKOTopwe orpaHiineHiiH b Heft Ha cpyHKHHio 
^(z) h MyjibTHnjiHKaTHBHyro KOHCTaHTy A (a hmbhho: ^(z) > 0, (ii), A > 0) He 

6bIJIH HBHO CCpOpMyjIHpOBaHbl B [1], OiTHaKO HMeHHO npH 3THX OrpaHHHeHHHX 3Ta 

TeopeMa ,n,OKa3aHa b [1]. TeopeMa 2 HBjiaeTCH b HeKOTopoM CMbicjie nepecpopMy- 
jinpoBKOft TeopeMbi 1 (h ee aHajiora /yia ccpepbi h hjiockocth JloGaneBCKoro, cm. 
[7, 6]): 3,a,ecb z = cpyHKHHJi z(ip) xapaKTepirayeT 3aBHCHMOCTb r(ip) paccTOHHHH 
ot yrjia, 2tt/(3— nepnoiTHHHOCTb KOTopoft (npn paunoHajibHOM (3 > 0) OTBenaeT 3a 
3 aMKHy TOCTb TpaeKTopHH /jBHsceHHH totkh, a cpyHKHiiH — ^(z) eCTb npOH3BOiTHajI 
ot noTeHHiiajia V(-) no nepeMeHHOft z. 

B ,n,ajibHeftiHeM 1— napaMeTpHnecKoe ceMeftcTBO jTHcpcpepeHHHajibHbix ypaBHeHHft 
BH,n,a j-f + z = -^2^(2), K 7^ 0, 6yn,eM Ha3biBaTb ceMeucmeoM ypaenenuu Eep- 
mpana. H3 TeopeMbi 2 cjiejryeT, hto ecjin ypaBHeHHH op6nT tohkh z(ip) o6pa3yiOT 
ceMeftcTBO ypaBHeHHft BepTpaHa, iyje K — 3HaneHHe HHTerpajia KHHeTHnecKoro mo- 

MeHTa, TO H3 yCJIOBHH 3aMKHyTOCTH OrpaHHHeHHblX Op6HT (h Cym,eCTBOBaHHH TaKHX 

op6ht) cjie^yeT, hto noTeHH,Haji V(r) HMeeT o^hh h3 ,a, B yx onpe^ejieHHbix bh^ob (c 

TOHHOCTbK) ^1,0 a,HHHTHBHOft H MyjIbTHnjIHKaTHBHOft KOHCTaHT) . 

KoHCTaHTy f3 € {1,2} H3 TeopeM 1, 2 Ha30BeM nocmoMHHOu Eepmpana. OTBe- 
HaK>m,eft ,n,aHHOMy 3aKOHy chji. OHa paBHa 1 ^jih rpaBHTainiOHHoro h 2 ^jia oc- 

HHJIJIHTOpHOrO 3aKOHOB Ha CJie^yiOmHX KJiaCCHHeCKHX nOBepXHOCTHX: eBKJIH,H,OBOft 

njiocKOCTH (cm. TeopeMy 1), ccpepe h hjiockocth JIo6aHeBCKoro (cm. [6] hjih TeopeMy 
5 npn 0, £_ = 1). 

3amemahhe 1. Ecjih b ycjiOBHH (i) TeopeMbi 2 noTpe6oBaTb con3MepHMOCTb 
Bcex nepHOjj,OB c hhcjiom 27r£ (bmccto 2ir) npn HeKOTopoM £ > 0, nojiyHHM onpe- 
jj,ejieHHe 2ir£ i -3aMUKaKiui > eu (pyHKii,HH. KaK noKa3biBaiOT jjpKasaTejibCTBa TexHH- 
necKoft TeopeMbi 2 b pa6oTax [1, 7], ee yTBep>Kjj,eHHe ocTaHeTCH BepHbiM, ecjin b 
ycjiOBHH (i) noTpe6oBaTb jinnib nonapHyio coH3MepHMOCTb nepHOjj,OB (bmccto co- 
H3MepHMOCTH c 271"). IIosTOMy npn Hppau,HOHajibHOM £ He cymecTByeT hi ojj,Hoft 
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27r£-3aMbiKaioineft cpyHKHHH VP . OTCio^a cnejryeT o6o6inenHe TeopeMti 1 BepTpa- 
Ha Ha cnynaft Bcex (He o6a3aTejibHO pauHOHajibHbix) KOHycoB (cm. cjie^CTBHe 1 h 
§3), a Taicsce o6o6meHHe TeopeMbi JIn6MaHa [6] Ha cjiynaft Bcex (He o6a3aTejibHO 

pauHOHajibHbix) "BeiH,eCTBeHHbIX pa3BeTBJieHHbIX HaKpblTHft" CCpepbl H njIOCKOCTH 

ilo6aneBCKoro (cm. TeopeMy 5 npn c ^ 0). 

1.2. IIocTaHOBKa 3aflaiH h onucamie ,Hap6y Bcex nap BepTpaHa. Pac- 
CMOTpHM BMecTO eBKjiH/ipBOft njIOCKOCTH HeKOTOpyK) a6cmpaKmHyK> noeepxHocmt 
epau^enun, T.e. /rayMepHyio noBepxHOCTb S « (a, b) x S 1 c pHMaHOBOft mctphkoh 

ds 2 = dr 2 + f 2 (r)dip 2 , (r, <p mod 2tt) E (a,b) x S 1 , (1) 

rjj,e / = /(r) — 6ecKOHenHO rjiajTKaH h nojio>KHTejibHaH cpyHKHHH Ha HHTepB ajie 
(a,b), — oo a < 6 oo. PaccMOTpHM CHCTeMy Ha stoh noBepxHOCTH, cocto- 
ainyio H3 Henojj,BH>KHOro npHTHrHBaromero uenTpa ("CojiHua") h npHTHrHBaeMOft 
tohkh ("njiaHeTbi") . Bo3HHKaeT ecTecTBeHHbift Bonpoc: hto mojkho CKa3aTb o BHjj,e 
H,eHTpajibHbix noTeHH,HajiOB V(r) (3aKOHOB npHTsisceHHH:) , ^jih kotopmx Bee orpa- 
HnneHHbie op6nTbi 3aMKHyTbi (npnneM TaKne op6nTbi cymecTByiOT)? OaKTHnecKH 
,H,ap6y [4, 5] h ilepjiHK [8] nojiynnjin otbct Ha stot Bonpoc jijih noBepxHOCTeii 6e3 
SKBaTopoB (cm. TeopeMy 3 h 3aMenaHne 7), xoth r ZI,ap6y nocTaBHji ero jinnib 
HacToam,Hx (Hea6cTpaKTHbix) noBepxHOCTeii BpameHna b ]R 3 . Bo3HHKaiOT TaKace bo- 
npocbi 06 H3yneHHH reoMeTpnnecKHx h jTHHaMnnecKHx cbohctb sthx noBepxHOCTeii 
(nacranHO paccMOTpeHHbie b [9, 10, 11, 12, 13]) h hx KjiaccncpHKanHH c tohhoctmo 

,11,0 H30MeTpHnHOCTH , nOJJ,o6nH H JJ,pyrHX OTHOnieHHH SKBHBajieHTHOCTH. 

XoneTCH noHHTb TaK»ce, Ha Kaxne a6cTpaKTHbie noBepxHOCTH BpamenHH 0606- 
maeTCH TeopeMa 1 BepTpaHa: Ha KaKHx noBepxHOCTJix cymecTByeT pobho /ma neH- 
TpajibHbix noTeHiniajia, KOTopbie o6ecnenHBaiOT 3 aMKHy TOCTb Bcex orpaHHneHHbrx 
TpaeKTopHH . CymecTByiOT jih noBepxHOCTH, Ha kotophx hhcjio Tpe6yeMbix n,eH- 

TpajIbHblX nOTeHH,HajIOB (C TOHHOCTbK) ^O a^bTHTHBHOft H MyjIbTHnjIHKaTHBHOH KOH- 

CTaHT) otjihhho ot HyjiH h /myx? HacTHnHbift OTBeT Ha 3TOT Bonpoc Hejj,aBHO 6biji 
nojiyneH M. CaHTonpeTe [12] (cm. TeopeMy 4). 

^jih onpejj,ejieHHH 3aMbiKaioinero noTemxHajia BBejj,eM hbckojibko onpejj,ejieHHil. 

B /jajibHeHineM nojj, mpaeKmopueti 6yn,eM noHHMaTb penieHne f(t) ypaBHeHHH 
jj,BH>KeHHH, onpejj,ejieHHoe Ha MaKCHMajibHOM no BKjnoneHHio HHTepB ajie (ioi^i) C 
Mr, nojj, op6umou — o6pa3 SToro OTo6pa»ceHHH O = {f — r(t) | t E (ioj^i)} C S, 
nojj, (f>a.3oeou mpaeKmopueu — cpyHKHHio (r(t), f(t)) co 3HaneHHHMH b KacaTejibHOM 
npocTpaHCTBe TS, a nojj, (fiasoeou op6umou — ee o6pa3 O = {(r — f {€),?= r(t)) \ 
tE (to,t\)} C TS. 

OnPEflEJiEHHE 1. (a) Op6nTa tohkh, jj,BH»cym,eHCH no noBepxHOCTH S no 3aKO- 

Hy chji, 3a^aHHOMy H,eHTpajibHbiM (T.e. 3 aBHcnn^HM tojibko ot r) noTeHii,HajiOM V(r), 

Ha3biBaeTCH Kpyzoeoil, ecjin OHa coBnajj,aeT c op6htoh jj,6hctbhh rpynnbi Bpam,eHHH. 

TpaeKTopna Ha3biBaeTCH Kpygoeou, ecjin cooTBeTCTByionj,aH eft op6nTa HBjiaeTCH 

KpyroBOft. KpyroByio op6nTy HasoBeM cuawo ycmouuueou, ecjin Ha Heft (pyHKnira 
K 2 

V(r) + 2 p(r) ' Ha3biBaeMaH adidjeKmuenuM nomem^uaAOM, HMeeT HeBbipo»cjj,eHHbift 

JIOKajIbHblft MHHHMyM npH HeKOTOpOM Kq =/= 0. 

3aMKHyTyio op6nTy Ha30BeM op6umaji'bHo ycmouHueou, ecjin OTBenaionj,aH eft 
(pa30BaH TpaeKTopna op6nTajibHO ycToftnHBa jj,jih orpaHHneHHH CHCTeMbi Ha mho- 
acecTBO ypoBHH KHHeTHnecKoro momchth, cojj,ep»canj,ee 3Ty (pa30Byio TpaeKTopnio. 
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(b) TpaeKTopHH Ha3biBaeTCH ozpaHuueHHoti, ecjin OHa onpe/jejieHa Ha Bceft och 
BpeMeHH t € Mr, h ee o6pa3 co^epjKHTCH b HeKOTopoM KOMnaKTe [ri,r2] x S 1 C 
(a, b) x S . Op6nTa Ha3biBaeTCH ozpanuueHHou, ecjin cooTBeTCTByioiHaH eii TpaeK- 
TopHH orpaHHneHa. 

(c) TpaeKTopiiio (h cooTBeTCTByiomyio op6nTy) Ha30BeM oco6oil, ecjin 3HaHefflie 
HHTerpajia KimeTHHecKoro MOMeHTa K Ha stoh TpaeKTopHH paBHO 0, T.e. ip — const. 

3amemahhe 2. (a) IlycTb HMeeTCH /TByMepHasi noBepxHOCTb S c metphkoh (1), 
iy;e f(r) — ivm/pcaa (pyHKiniH, h ueHTpajibHbiH rjiajTKHH noTeHHiian V(r) Ha Heii. 
IIpoBepKa noKa3biBaeT, hto OKpy>KHOCTb {r^} x S 1 HBjraeTCH KpyroBoil op6HTOii 
TOiyja h TOjibKO Tor/ja, Korjj,a vq sBjiseTca kphthhcckoh tohkoh scbcbeKTHBHoro 
noTeHH,Hana V(r) + 2 p°r) 1 r ^ e — 3HaneHHe HHTerpajia KHHeTHnecKoro MOMeHTa 
Ha cooTBeTCTByiomeH TpaeKTopHH. 3aMeTHM cpa3y, hto / > 0. IlycTb Tenepb f (tq) 
h V'(ro) HMeiOT o,a,HHaKOBbiH 3HaK hjih o,n,HOBpeMeHHO paBHbi Hyjiio. ilojiynaeM, hto 

B 3TOM H TOJIbKO B 3TOM CJiyHae OKpy>KHOCTb {tq} X S" 1 HBJIHeTCH KpyroBoil Op6HTOH, 

npnneM 3HaHeHHe KHHeTHnecKoro momchts, Ha cooTBeTCTByioiHeH TpaeKTopHH paBHO 
Kq = ±-y/ ^,^° y/ 3 (ro) hjih jno6oe Kq ^ cooTBeTCTBeHHO. 

(b) OKpy>KHOCTb {r} X S* 1 HBJIHeTCH CHJIbHO yCTOHHHBOH KpyrOBOH Op6nTOH TO- 

rjj,a h TOjibKO TOiyja, Korjj,a OHa HBjiHeTCH KpyroBoil op6htoh h cooTBeTCTByioiHaji 
cbasoBaa op6nTa HBjuieTCJi 6ottobckhm kphthhcckhm mho^kcctbom jiOKajibHbix mh- 
HHMyMOB orpaHHHeHHH HHTerpajia SHeprnn Ha noBepxHOCTb ypoBHH HHTerpajia kh- 
HeTHnecKoro MOMeHTa b cba30BOM npocTpaHCTBe. IIosTOMy cnjibHO ycTOHHHBbie 
KpyroBbie op6nTbi op6HTajibHO ycTOHHHBbi. 

3aMeTHM, hto ecjin TpaeKTopHH HeorpaHnneHa b CMbicjie onpejj,ejieHHJi 1(b), to 
njiaHeTa "bbixo^ht Ha Kpait noBepxHOCTn". 

Mbi H3yHHM cjiejryroiHHe naTb KjiaccoB neHTpajibHbrx noTeHiniajiOB Ha a6cTpaKT- 
hmx noBepxHOCTHx BpaiH,eHHH, a TaK»ce onHineM Bee noBepxHOCTH 6e3 skb aTopoB , 
jjpnycKaioiHHe TaKHe noTeHiniajibi. 

OnPEflEJiEHHE 2. IlycTb V(r) - ueHTpajibHbiH noTeHiniaji Ha noBepxHOCTH S c 
MeTpHKOH (1). Byn,eM Ha3biBaTb ero aaMUKamu^UM, ecjin 

(3) cymecTByeT Heoco6aa orpaHHHeHHaa HeKpyroBaa op6nTa 7 b S; 
(V) BCHKaa Heoco6aa orpaHHHeHHaa op6nTa b S 3aMKHyTa. 
iloTeHHiiaji V(r) 6yjj,eM Ha3biBaTb jioK&jibHo aaMUKawu^UM, ecjin 
(3) loc cymecTByeT chjibho ycTOHHHBaa KpyroBaa op6nTa {tq] x S 1 b S; 
(V) loc fljiH bchkoh cnjibHO ycTOHHHBOH KpyroBoil op6nTbi {tq} x S 1 b S cymecTByeT 
e > 0, TaKoe hto BCHKaa Heoco6aH orpaHHHeHHaa op6nTa, n,ejiHKOM jie>KamaH 
b KOJibue [r — e, r + e] x S 1 h HMeiomaH ypoBeHb KHHeTHnecKoro MOMeHTa 
b HHTepB ajie (Kq — £,Kq + e), HBjiHeTCH 3aMKHyTOH, rjj,e Kq — 3HaneHHe 
KHHeTHnecKoro MOMeHTa Ha cooTBeTCTByiomeH KpyrOBOH TpaeKTopHH. 
iIoTeHii,Haji V(r) 6yjj,eM Ha3biBaTb noAyAOKaAbno aaMunaton^UM, ecjin BbinojiHeHbi 
ycjiOBHH (3), (V) loc h cjie/ryioiHee ycjiOBne: 
(V) s_loc jno6aH Heoco6aa orpaHHHeHHaa op6nTa b KOJibn,e U — [a' , b'] xS'c ypoBHeM 
KHHeTHnecKoro MOMeHTa K HBjiHeTCH 3 aMKHy toh , rjj,e a' := infrL, b' := 
supr| 7 , 7 - orpaHHHeHHaa op6nTa H3 (3), K — 3HaneHHe KHHeTHnecKoro 
MOMeHTa Ha Heii. 
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IIoTeHHHaji V(r) Ha30BeM cujibno (cooTBeTCTBeHHO cAa6o) aaM/UKamu^UM, ecjiii 
BbinojiHeHO ycjiOBHe (V) loc (cooTBeTCTBeHHO ero aHajior jijih bchkoh op6nTajibHO 
ycTOHHHBOii KpyroBoii op6nTbi) h cjie/ryioiHee ycjiOBHe, Hcnojib3yeMoe b pa6oTax 
[1], [4, 3, 5], [12] (cooTBeTCTBeHHO [8]): jno6aH OKpysmocTb {r} x S 1 HBjiaeTCH 

CHJIbHO yCTOHHHBOH (cOOTBCTCTBeHHO Op6HTajIbHO yCTOHHHBOil) KpyrOBOH Op6HTOH. 

3amemahhe 3. (a) CHeBH/nro, hto jiio6oh 3aMbiKaioiHHH ueHTpaiibHbiH noTeH- 
inian V(r) ABjiHeTCH nojiyjiOKajibHO 3aMbiKaioiHHM, a jiio6oh cnjibHO 3aMbiKaioiHHH 
— jiOKajibHO h cjia6o 3aMbiKaioiHHM (cm. 3aMenaHHe 2). HeTpynrio noKa3biBaeTCH 
(npn noMOiHH nepBbix HHTerpajiOB nojiHOii SHeprnn h KHHeTHHecKoro MOMema), 
hto jiio6oh cjia6o 3aMbiKaiomHH HeHTpajibHbiii noTeHHiiaji hbjihctch nojiyjiOKajibHO 
3 aMbiKaiomHM ■ Mm noKaaceM (cm. TeopeMy 7(A) hjih ^OKasaTejibCTBO TeopeMbi 8, 
mar 1), hto ecjiH V(r) hbjihctch nojiyjiOKajibHO 3aMbiKaioiHHM, to oh HBjiHeTCs jio- 
KajibHO 3aMbiKaK>m,HM, npnneM cymecTByeT chjibho ycTOHHHBaa KpyroBaa op6nTa 
{r = 7'o}, Ha KOTopoii 3HaHefflie HHTerpajia KHHeTHHecKoro MOMema K coBna/jaeT 
c K\*y .zyra Heoco6oft orpaHHHeHHOft HeKpyroBoft TpaeKTopnn 7 H3 (3). TeM caMbiM, 
Bee noTeHHiiajibi H3 onpe/jejieHHH 2 hbjijhotch JiOKajibHO 3aMbiKaioiHHMH (6e3 npejr- 

nOJIOKeHHH 06 OTCyTCTBHH Ha nOBepXHOCTH SKBaTOpOB, CM. HH>Ke). 

(b) Mbi noKa»ceM (TeopeMbi 5, 6, 7(B)), hto ecjin noBepxHOCTb He HMeeT 3%ea- 
mopoe (r.e. TaKHX OKpyjKHOCTeii {r} x S , hto f'(r) = 0), to Bee nHTb iiohhthh 
3aMbiKaK>mero noTeHunajia V(r) (cm. onpe^ejieHne 2) paBHOCHjibHbi, npnneM Tpoft- 
Ka (/(r), V(r), j3) HMeeT onpe/jejieHHbiH bhjj, (cm. TeopeMy 3 hjih TeopeMbi 5, 6): 
jih6o bhjj, (£/ C)0 (±(r - r Q )), V cfi ^(±(r - r )), i£) rur HeKOTopbix i e {1,2}, c € R h 
£ € Qnl >0 , jih6o bhjj, (/ Cid (±(r - ro))//x,K >c 2 i2 (±(r- - r )),2/^) ajih HeKOTopbix 
ceM,rfeM\{0}n/ieQn R >0 , rjj;e {^/coW} h {/c,d(r)//i} - JJBynapaMeTpn- 
necKoe h TpexnapaMeTpHnecKoe ceMeftcTBa noBepxHOCTeft (noBepxHOCTH BepTpaHa 

nepBOrO H BTOpOrO THnOB, COCTOHIOHe H3 OJJ.HOH HJIH JJ,ByX CBH3HbIX KOMnOHeHT). 

3jj,ecb {V Ci o : i(r)} h {V Cj d,2(f)} — cooTBeTCTByiomHe ceMeiiCTBa 3aMbiKaK>in,Hx n,eH- 

TpajIbHblX nOTeHHHajIOB C TOHHOCTbK) JJ,0 a/mHTHBHOH H nOJIO>KHTejIbHOH MyjIbTH- 

njiHKaTHBHOH KOHCTaHT, £, c, d, e R — napaMeTpbi ceMeiiCTB (cm. Tafijiniry 1), 
/3 = 27r/$ — nocTOHHHaH BepTpaHa. 

(c) B OTjiHHne ot TeopeM 1 h 3 BepTpaHa h ,H,ap6y (a Taitace TeopeMbi IlepjiH- 
Ka [8]), b HaniHx onpejj,ejieHHHx 3aMbiKaiomero, JiOKajibHO hjih nojiyjiOKajibHO 3a- 
MbiKaiomero noTeHiniajia He Tpe6yeTca, hto6bi Bee OKpyjKHOCTH {r} x S 1 hbjihjihcb 
cnjibHO (hjih op6nTajibHo) ycTOHHHBbiMH KpyroBbiMH op6nTaMH. Jlnnib b ojthom 
onpejj,ejieHHH Tpe6yeTCH cyin,ecTBOBaHHe xoth 6h ojjjjoh TaKOH OKpy>KHOCTH. 

H3 pa6oTbi r.,ZI,ap6y [4] 1877 r. (cm. Taicsce [5, 8]) BbiTeKaeT cjie/ryromee yTBep- 
>Kjj,eHHe. 

TEOPEMA 3 (T.^APBy [4, 5], nAPbl nOBEPXHOCTb-nOTEHI],HAjl~ Beptpaha). 
Ilycmb na noeepxHocmu S c puManoeou MempuKoti (1) 3adan u/znmpajvbwbiu no- 
mewnucui V = V(r), zde f,V — tfiyHKiiuu KAacca C°°, ne uMewmue Kpumuue- 
ckux moHCK. nomeHv,uaA V sieJisiemcH cujivho 30MUKaK>vu,UM (cm. onpejj,ejieHHe 
2) e moM u moM>KO moM cjiynae, nozda e Koopdunamax (V, ip mod 2ir) puManoea 
Mempwta na S UMeem xomsi 6u odun us cjiedywvuux eudoe: 

ds 2 = AdV* V 

P 2 {AV 2 -BV + C) 2 AV 2 — BV + C 
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UAU 

2 A dV 2 V 

S ~ /3 2 (-V - K) 3 (A/(-V -K)-BV + Cf + A/(-V -K)-BV + C } 

zde A, B,C, K £ R, j3 £ Q n K>o — KOHcmanmu, npuneM —2AV + B > uau 
—A/(V + K) 2 + B > coomeemcmeeHHO. Bpu buiom Heoco6ue ozpanuueHHue 
neKpyzoeue op6umu 3adawmcsi nepuoduuecKUMU diyHKi^usiMU r — r{ip) c muhu- 
mclawum noAOMCumeAt>HUM nepuodoM $ = 2tt//3. Boeepxnocmu odnozo euda, om- 
eeuawunue na6opaM (/? , A, B , C) u (j3/a, a 2 A, a 2 B, a 2 C) npu a £ QnM>o, AOKcuib- 
ho u30MempuHmii dpyz dpyzy. 

B /jeftcTBiiTejibHOCTii, TeopeMa 3 h yKa3aHHbie b Heft dpopMyiibi pjis. pHMaHOBOft 

MeTpHKH, KaK H OrpaHHHeHHH Ha <pyHKH,HH f,Vll KOHCTaHTH A, B, K, He 6bIJIH 

hbho ccpopMyjinpoBaHbi b pa6oTax [4, 5] (nocBHineHHbix b ochobhom peajiH3yeMbiM 
noBepxHOCTHM Bpam,eHHH b ]R 3 , a He a6cTpaKTHbiM noBepxHOCTHM BpameHHa) . Oj\- 
HaKO HMeHHO npn sthx orpaHHHeHHHx 3Ta TeopeMa (paKTHnecKH ,n,OKa3aHa b [4, 5] . 
(ToHHee, yKa3aHHbie Bbiine cpopMyjibi /jjih pHMaHOBOft mctphkh cjie/ryiOT H3 (pop- 
Myjibi (15.17) pa6oTbi [5] nyreM no/jCTaHOBKH b Hee peiHemift (15.10) h (15.11) 
c yneTOM cooTHOineHHH (15.8) h o6o3HaHeHHft (15.4), a ocTajibHbie yTBepjK^eHHH 
TeopeMbi 3 cjie/ryKxr H3 cooTHOineHHft (15.3) h (15.19) pa6oTbi [5].) B. IlepjiHK [8] 
o6o6ihhji TeopeMy 3 r Zlap6y (b /ipyrnx o6o3HaHeHHHx) Ha 6ojiee ninpoKHft Kjiacc 
noBepxHOCTeft h noTeHiniajiOB: Ha noBepxHOCTH Kjiacca C 5 6e3 SKBaTopoB h cjia6o 
3 aMbiKaiomiie ueHTpajibHbie noTeHiniajibi Kjiacca C 5 , Bbipa3HB pnMaHOBy MeTpHKy 
nepe3 KOop,n,HHaTbi (/, ip mod 27r) (cm. 3aMeHaHHe 7 o cbabh napaMeTpoB ,U,ap6y 
h IIcpjiHKa). Xoth b pafioTe [8] pe3yjibTaT cdpopMynnpoBaH .zyia eme 6ojiee ihh- 
poKoro Kjiacca noTeHiniajiOB, oh CTporo ,n,OKa3aH jinnib pfln cnjibHO 3aMbiKaroiHHx 
noTeHH,HajiOB h He coBceM CTporo — pjin cjia6o 3aMbiKaioiHHx noTeHHiianoB. 

1.3. Pa3BHTHe Bonpoca, pe3yjitTaT CaHTonpeTe. ^BHXteHHe tohkh b n,eH- 
TpajibHOM nojie chji Ha pasjiHHHbix pHMaHOBbix noBepxHOCTax Heo/nroKpaTHO nccjie- 
^OBajiocb MHorHMH yneHbiMH (cm., HanpHMep, c6opHHK CTaTeft [14]). Ilpn stom H3y- 
najiacb He TOjibKO "npaMaa 3a,n,aHa /niHaMHKn" - H3yHeHHe cboHctb ^BHJKeHHH no 
sa^aHHOMy 3aKOHy, ho h "o6paTHaa sa^ana ^hhclmhkh" - noncK 3aKOHOB ^,BH»ceHHH, 
corjiacHO kotopmm TpaeKTopHH ^,BH>KeHHH 6ynyT iiMCTb onpe,n,ejieHHbie CBOftcTBa 
(HanpHMep, hbjihtbch 3aMKHyTbiMH (sa/jana BepTpaHa), jih6o ajire6paHnecKHMH 
KpHBbiMH (3a,n,aHa Kemirca)). IIo,ii,po6HaH hctophh sthx BonpocoB npHBe/jeHa b 
[15]. 

AHajior HbiOTOHOBCKOft chjim KaK BejiHHHHbi, o6paTHOft njioma/ni ccpepbi pa/ni- 
yca r, pjisi npocTpaHCTBa H 3 npe/yiojKHji eme H.H.Jlo6aHeBCKHft [16] h 5LBojibhh 
[17]. B 1860 r. Il.Ceppe [18] onpe/jejinji aHajior rpaBHTauiiOHHoro noTeHiniajia Ha 
cdpepe h peniHji sa/jany Kenjiepa Ha Heft. B 1870 r. O.IIIepHHr Hanncaji aHajiHTH- 
necKoe Bbipa»ceHHe ^;jih noTeHH,Hajia HbiOTOHa Ha H 3 [19]. B 1873 r. P.JlH^IHH^ 
paccMOTpeji ,n,BH>KeHHe Tejia b u,eHTpajibHOM nojie Ha cdpepe S 2 co CTaH,n,apTHOft 
MeTpHKOft, o,n,HaKO BMecTO noTeHH,Hajia oh paccMOTpeji noTeHH,Han —^77- Oh 

Hanieji o6m,ee penieHne stoii sa^ann b sjijinnTHnecKHx cpyHKH,HJix [20]. B 1885 r. 
B.KnjijiHHr o6o6lli,hji 3aKOHbi Kenjiepa Ha cdpepy S 3 , ocHam,eHHyio CTaH^apTHOft 
MeTpHKOft [21]. I1o^o6ho H.H.Jlo6aHeBCKOMy h 5I.BojibHH, oh paccMaTpHBaji cnjiy 
npHTH»ceHHH KaK BejiHHHHy, o6paTHyro njionia^H A B y Me P HOH cdpepbi pa^nyca r b 
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5 3 . B cjie/ryioiHeM ro,zry sth pe3yjibTaTbi 6bijih TamKe nepe,n,OKa3aHH K.HeitMaHOM 
[22]. B pa6oTe [21] B.KjijuiHHr TaK»ce /i,OKa3aji, hto nepeMeHHbie b 3a,n,aHe Kenjiepa 
c ppyma. npHTHrHBaiomHMH u,eHTpaMH Ha ccpepe S n co CTaH/japTHOH mctphkoh pa3- 
^ejiaiOTCH, hto BjieneT HHTerpnpyeMOCTb 3ajiaHH. B 1902 r. r.iIn6MaH [7] nepeHec 
3th pe3yjibTaTbi Ha H 3 . 

B 1940-x ro;j,ax stot Bonpoc paccMaTpHBajica b paMKax Teopnn OTHOCHTejib- 
hocth, a HMeHHO peinajiacb KBaHTOBO-MexaHHHecKaa o/rHOHacTHHHaH cneKTpajib- 
Has 3a,n,aHa jjjih HbiOTOHOBCKoro noTeHiniajia Ha ccpepe S 3 3. fflpe/niHrepoM h 
A.<P. CTHBeHCOHOM, Ha H 3 JI. HH(pejib,n,OM h A. IUhjib^om. B 1980-x ro/jax n,eH- 
TpajibHbie noTeHnnajibi b paMKax Teopnn othochtcjibhocth Ha S 3 , H 3 , S n nccjie- 
,n,OBajiHCb IO.A. KypoHKHHbiM, B.C. Othhkom, A. A. BorymeM, T. JIhmohom. B 
1994 ro/ry B.B. Ko3jiob nepeoTKpbiji 3aKOHbi Kenjiepa ,h,jiji npocTpaHCTB nocTOHH- 
Hoii ceKHiiOHHon kphbh3hbi [10]. B stom »ce ro/ry oh BMecTe c IO.H. QejjppoBbiM 
ycTaHOBHji HHTerpnpyeMOCTb KjiaccnnecKoro iTBHJKeHHH o/thoh HacTnubi no ccpepe 
S n b none, co3,n,aBaeMOM ryKOBCKHMH noTeHiniajiaMH, pacnojio>KeHHbiMH b 2(n + 1) 
TOHKax nepeceneHHH ccpepbi c KOop/rnHaTHbiMH ochmh. 

Hto KacaeTCH o6paTHon 3a,n,aHH ^hhcimhkh , to b 1870 r. >K. BepTpaH [1] peninji 
3a,n,aHy o Haxo»c,n,eHHH Bcex chjibho saMbiKaroinnx (cm. onpe/jejieHne 2) ueHTpajib- 
Hbix noTeHiniajiOB Ha eBKjiH/ipBOH hjiockocth. 3aTeM T.^apGy b 1877 r. cpaKTHne- 
ckh onncaji Bee napbi BepTpaHa noBepxHOCTb-noTeHnnaji (f(r),V(r)), T.e. Bee a6- 
CTpaKTHbie noBepxHOCTH BpameHHH 6e3 3kb aTopoB c chjibho 3 aMbiKaiomnMn n,eH- 
TpajiBHBiMH noTeHH,HajiaMH Ha hhx (cm. TeopeMy 3). B nacTHOCTn, oh nocTponji 
o6o6m,eHHbie rpaBHTaniiOHHbiH h ocunjijuiTopHbiH noTeHnnajibi Ha "paHHOHajibHbix" 
KOHycax h "paHHOHajibHbix HaKpbiTHHx" ccpepbi S 2 , nocTponji o6o6meHHbiH ochhji- 
jiHTopHbiii noTeHiniaji Ha HeKOTopoii rpymeBHiXHOH noBepxHOCTH (oTBeHaiomeH pyre 
£4 b HanieM npocTpaHCTBe napaMeTpoB, cm. pnc. 1) h ee "paHHOHajibHbix HaKpbi- 
thhx", h jj,OKa3aji 3 aMKHy TOCTb Bcex ee reojj,e3HHecKHx. B 1902 r. r.JIn6MaH no- 
ctpohji o6o6meHHe ocinijijiHTopHoro noTeHiniajia Ha S 3 h H 3 [7[. ilpn stom npn 
o6o6m,eHHH HbiOTOHOBCKoro noTeHiniajia oh Tpe6oBaji, hto6m BbinojiHHjica nepBbin 
3aKOH Kenjiepa (T.e. hto6m op6iiTbi HBjiHjmcb sjijnincaMii c cpOKycaMii b ueHTpe 
nana). Onpejj,ejieHne ocinijijiHTopHoro noTeHiniajia npoBO/rHjiocb 113 Tpe6oBaHiiH, 
hto6h jj,Bii>KeHiie nacTHHbi npoiicxo/nijio no ajijinncaM c n,eHTpoM, coBna;j,aroiHHM c 
n,eHTpoM nojia. B 1903 r. r.JIn6MaH jj,OKa3aji o6o6meHHH TeopeMbi 1 BepTpaHa Ha 
cjiynan S 2 h H 2 [6[. Ilo3>Ke o6o6meHHe TeopeMbi BepTpaHa Ha npocTpaHCTBO S n 
6mjio ,a,OKa3aHO II. XnrrcoM [23] b 1979 r. B OHepe/rHOH pa3 o6o6meHHe TeopeMbi 
BepTpaHa Ha S 3 6bijio jj,OKa3aHO 51. E. CjiaBHHOBCKHM [24] b 1980 r., a Ha S n h H n 
M. HKeAoii h H. KaTaaMoii [25] b 1982 r. B 1992 ro/ry B.B. Ko3jiob h A.O. XapnH 

nepeOTKpblJIH HblOTOHOBCKHH H iyKOBCKHH nOTeHHIiajIbl /tjih npocTpaHCTBa S n KaK 

nojiHoe penieHne o6o6meHHOH 3ajj,aHH BepTpaHa [9[. B tom »ce ro^y B. IlepjiHK 
[8] nojiynnji onHcamie Bcex cjia6o 3aMbiKaiomHx nap BepTpaHa (f(r), V(r)) Kjiacca 
C 5 6e3 3kb aTopoB , aHaiiorHHHoe onncaHHio r ZI,ap6y (cm. TeopeMy 3), Bbipa3HB hx b 
KOopji,HHaTax (/, (p mod 2tt) c noMOin,bio napaMeTpoB (cm. 3aMenaHHe 7). 

B 2008 ro/ry M. CaHTonpeTe [12] o6o6ihhji TeopeMy 1 BepTpaHa Ha aHajiHTHne- 
CKne noBepxHOCTH Bpam,eHHH c hoctohhhoh rayccoBoii kphbh3hoh h 6e3 3kb aTopoB , 
Bjio»ceHHbie b M 3 . Oh TaKHte ji,OKa3aji, hto Ha ocTajibHbix noBepxHOCTax Bpam,eHHH 
6e3 3KB aTopoB kojihhcctbo cnjibHO 3aMbiKaioiii,Hx u,eHTpajibHbix noTeHii,HajiOB He 
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npeBoexo/niT o/rnoro, h yKaaaji bh,h, 3Toro noTeHiniajia, a Taitsce npHBeji Heo6xo/ni- 
Moe ycjiOBHe Ha MeTpracy (KOTopoe b /jeftcTBHTejibHOCTH HBjiHeTca h ^.ocTaTOHHbiM) 
b BH,n,e 6HKBa,n,paTHoro ypaBHeHHH Ha nocTOHHHyio BepTpaHa pjin cymecTBOBaHHH 
PObho o/rnoro noTeHiniajia. 

TEOPEMA 4 (M. CAHTOnPETE [12]). Ilycm-b S C R 3 — deyMepnasi noeepx- 
Hocmt> epamenuM c KoopdunamaMU (r, ip mod 2ir) 6 (a, b) x S 1 c aHcuiumuuecKou 
puManoeou MempuKou (1), npuneM qiyHKU,usi f ne UMeem Kpumuuecttux moueK na 
(a,b). Tozda e KAacce anaAumunecKux u ) enmpaji'bnux nomewnuaAoe na S: 

1. cyutficmeyem ne 6oAee deyx (c mouHocmtw do addumuenou u noAoatcu- 
meJiKHOu MyAtmunAUKamueHou KcmcmaHm) cuAbHO 3aMUKatoui,ux nomen- 
v,uaAoe; 

2. ux poeno dea, ecAu u moAwo ecAU f" f— (/') = — £ 2 , zde £ — noA03fcumeAt>- 
nasi pav^uonaAbHasi Kcmcmanma, npuneM smuMU nomenuAiaAaMU sieAsiwmcsi 
o6o6uifiHWbiu gpaeumaiijUOHHUu V\(r) u o6o6ui > eHHUu ocv^uAASimopHuu, V2(r) 
nomewnuaAu; 

3. ecAu nomeH'nuaA eduncmeen, mo —f"f + (/' ) ='■ h ne Koncmanma, u no- 
mewnuaA UMeem eud o6o6uifinnozo ocu,UAAsimopHozo nomem^uaAa. 

BoAee mozo, 3asi ak>6ozo cuakho 3aMUKaK>ui,ezo u^enmpaAtHozo nomenuiiaAa neoco- 
6ue ozpanuuewHue nenpyzoeue op6umu 3adawmcsi nepuodunecKUMU QiynKUjUsiMU 
r = r(ip) c o3hum u meM atce MUHUMaAbHUM noAoofcumeAWbiM nepuodoM <I> = 
27r//3, zde /3 — noAoatcumeAtHaM pauponaAtHasi KOHcmanma, 3aeucsmifl,s\, om no- 
meHiijUaAa u ydoeAemeopsiwuiflsi 6uK6adpamnoMy moofcdecmey fi A — 5(— /"/+/' 2 )/3 2 — 
5//"/' 2 +4/" 2 / 2 — 3/'"/'/ 2 +4/' 4 = 0; pcl3auhhum (c mouHocmhW do addumuenou 
u noAOOtcumeAWOu MyAbmunAUKamuenou KOHcmanm) nomeHU,uaAaM omeenmom 
pa,3AUHHue KOHcmanmu; nomem^uaAy Vi(r) U3 n. 2 omeenaem KOHcmanma (3i = 
£=1,2. 

3amemahhe 4. ,H,jih noBepxHOCTH Bpam,eHHH c mctphkoh (1) CKajrapHan Kpn- 
BH3Ha PnMaHa R BbinncjiHeTCH no cpopMyjie R/2 = c := —f"/f, npnneM c — rayc- 
coBa KpHBH3Ha noBepxHOCTH b cjiynae bjio»chmocth noBepxHOCTH b K 3 (cm. TaK>Ke 
cjie A CTBHe 2(C)). nosTOMy h' = -f'"f + f"f - f 2 c', r A e h := -/"/ + {f'f- Hhh- 
mm cjiOBaMH, BbinojiHeHne ycjiOBHH 2 TeopeMbi 4 CaHTonpeTe BjieneT hoctohhctbo 
rayccoBoft KpHBH3Hbi noBepxHOCTH S. OnncaHne Bcex a6cTpaKTHbix noBepxHOCTeft 
Bpam,eHHH hoctohhhoh CKajrapHoft KpHBH3Hbi h 6e3 3kb aTopoB nojiynaeTCH H3 jieM- 

Mbl 2 H 3aMeHaHHH 9. 

3amehahhe 5. (a) B pa6oTe [12] CaHTonpeTe He (popMyjinpoBaji ycjiOBHe ot- 

CyTCTBHH y (pyHKH,HH / KpHTHHeCKHX TOHeK, a BMeCTO CHJIbHO 3aMbIKaK>IH,HX no- 

TeHH,HajiOB paccMaTpHBaji 3aMbiKaK3iii,He noTeHH,Hajibi. TaiQKe oh He cpopMyjinpo- 
Baji n. 3 h nocjie/ipee yTBep>K,n,eHHe TeopeMbi 4 b BH,n,e OT,n,ejibHbix yTBepac^eHHii. 
0,n,HaKO 3th yTBep>K,n,eHH!i cjie^yiOT H3 ero pa6oTbi, h hmchho Taxne ycjiOBHH Heo6- 
xo,n,HMbi ,n,ji!i npoBe,n,eHHH ero ,n,OKa3aTejibCTBa. HacTb "ecjin" nyHKTa 2 TeopeMbi 
4 jierKO cjie,n,yeT H3 TeopeM BepTpaHa h Jln6MaHa [7, 6], a nn. 1, 2 (nacTb "TOJib- 
ko ecjin") h 3 jierKO cjie^yiOT H3 nocjie^Hero yTBepjK/jeHHH TeopeMbi, nocKOjibKy 
h := —f'f + f' 2 = (ft 2 + /3|)/5, r^,e j3i — kophh 6HKBa,n,paTHoro ypaBHeHHH, ,n,aHHO- 
ro Bbiine, a ecjin h He paBHO KOHCTaHTe, to MO»ceT cym,ecTBOBaTb He 6ojiee o^Horo 
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nocTOHHHoro kophh /?. Otmcthm, hto 6HKBa,n,paTHoe ypaBHeHHe H3 TeopeMbi 4 HMe- 
eT bhjj, (i A — 5f3 2 h + 3ff'h' + Ah 2 = 0h npeBpamaeTCH: b 6HKBa;xpaTHoe ypaBHeHHe 
THKOHHHCKoro [26] b cjiynae MeTpHK hoctohhhoh KpHBH3Hbi (cm. 3aMenaHHe 4). 

(b) TeopeMa 4 paccMaTpHBaeT jihihb noBepxHOCTH, Bjio»ceHHbie b M 3 KaK noBepx- 
hocth Bpam,eHHH, hto HaKjm/njBaeT onpe/jejieHHbie ycjiOBHH Ha cbyHKHHio f(r). A 

HMGHHO, ,fl,JIH BJICOKHMOCTH nOBepXHOCTH C MeTpHKOH (1) B M 3 KaK nOBepXHOCTH 

Bpam,eHHH Heo6xo;rHMO, hto6bi ^ 1 (h jjpcTaTOHHO, HTo6bi |/'(r)| < 1). B 

CHjiy (2) b ycjiOBHHx BToporo nyHKTa TeopeMbi 4 3to HepaBeHCTBO paBHOCHjibHO 
HepaBeHCTBy |£| ^ 1, ecjiH c ^ (cm. 3aMenaHHe 4) h inf f — (HanpHMep, KOiyi,a 



ecjiH c < 0. 

1.4. HeKOToptie HepenieHHbie 3aflaiH. HepenHCjinM HeKOTopbie, no-Bii^HMOMy, 
HepeineHHbie 3a/i,aHH, TecHO CBH3aHHbie c H3ynaeMOH b HacTOHinen pa6oTe. 

1) H3yHHTb aHajior 3a,n,aHH BepTpaHa Ha npHMOM nnjinHixpe h jxpyrnx a6cTpaKT- 
hmx noBepxHOCTHx Bpain,eHHH c SKBaTopaMH (cm. 3aMeHaHHH 3(b), 6), Ha 
nceedopuManoeux noeepxHocmsix epaui,eHUM c nceB/ippHMaHOBOH MeTpHKOn 
ds 2 = dr 2 — f 2 (r)dip 2 , a Tarae npn Hajinnnn a b Y x n,eHTpajibHbix nojieii chji 
— noTeHunajibHoro n Hjj,eajibHoro MarHHTHoro (cm. npnMep b [11; §5]). 

2) OnncaTb MaKCHMajibHbie noBepxHOCTH BpameHHH, Bjio»ceHHbie b R 3 (c sk- 
BaTopaMH hjih 6e3), o6jia,n,aioiHHe 3aMbiKaioiHHMH ueHTpajibHbiMH noTeHnn- 
ajiaMH (cm. 3aMeHaHHH 5(b), 6 n cjie^CTBHe 2(B)). 

3) (A.T. OoMeHKo) PaccMOTpHM rjiajTKoe piiMaHOBO MHoroo6pa3ne M c OTMe- 
hchhoh tohkoh Ha HeM - "CojmneM". IlycTb jxpyraa TOHKa (tia30BeM ee "njia- 
HeToii") jtbh^kctch no M b cootb6tctbhh c ypaBHeHHHMH HbiOTOHa no,n, bo3- 

,H,eHCTBHeM CHJIbI npHTHJKeHHH, 3aBHCHm,eft TOJIbKO OT paCCTOHHHH jjp "Cojih- 

na". IIpe,n,nojio>KHM jj,jih npocTOTbi, hto MHoroo6pa3iie jTByMepHO (xoth He 
o6a3aTejibHO HBjiaeTCH noBepxHOCTbio BpameHHH ) h hto Heoco6bie Tpaercro- 
Phh ^,BH>KeHHH orpaHnneHbi (cm. onpe/jejieHne 1), xoth h He o6a3aTejibHO 
3aMKHyTbi, T.e. Kashas jiokht BHyTpn HeKOToporo KOjibna, onpe/jejiaeMoro 
HanajibHbiMH /jaHHbiMH iXBH^KeHHH "njiaHeTbi". IIjiaHeTa jTBHsceTCH BHyTpn 
KOjibna h b cjiynae o6mero nojiOKeHHH ee TpaeKTopna MO»ceT Bcro^y njiOTHO 
noKpbiBaTb 3to KOjibup. TaK 6yn,eT, HanpHMep, ecjin cooTBeTCTByromaji ,h,h- 
HaMnnecKaa cncTeMa Ha KOKacaTejibHOM paccjioeHHH T* M k M ,n,onycKaeT 
HHTerpan jTBHsceHna, peryjiapHbie noBepxHOCTH ypoBHH KOToporo hbjijhotch 
,n,ByMepHbiMH TopaMH. IIo sthm TopaM jtbh^kctcji HHTerpajibHaa TpaeKTopna 
CHCTeMbi. ilpn npoeKn,HH KOKacaTejibHoro paccjioeHHH T*M Ha M Topbi 
npoeKTnpyiOTCH b KOjibua. 3a/i,aHa CTaBHTCH TaK: HaiiTH bh^ noTeHH,na- 
jia ("3aKOH cnjibi npHTH»ceHHH") , o6ecnenHBaioiHHH hmchho TaKoe jj,BH»ceHHe 
"njiaHeTbi" BHyTpn KOjien,. JXnsi Hanajia 6bijio 6m HHTepecHO pa3o6paTbCH co 
cjiynaeM TpexocHoro 3jijinncoHjj,a. KoHenHO, b nocTaHOBKe 3ajj,anH npejj,no- 
jiaraeTCH, hto HanajibHbie ckopocth "njiaHeTbi" MeHbine HeKOTopoii Bejinnn- 
hm h "njiaHeTa He na,n,aeT Ha CojiHue". AnajiorHHHbiM o6pa30M, ecTecTBeHHO, 
cbopMyjinpyeTCH n MHoroMepHaa 3ajj,ana. 

Ilpn penieHHH 3ajj,anH cjiejj,yeT ncnojib30BaTb CBejj,eHHH o Tonojiornn cjioe- 

HHH Ha TOpbl JlnyBHJIJIH H HX 6n<pypKaiI,HHX ("aTOMax"), B03HHKaK>III,HX JJ,JIH 

HHTerpnpyeMbix raMnjibTOHOBbix CHCTeM, cm. [27], [28], [29], [30], [31]. 



HHTepBaji (a, b) MaKCHManeH) ; HepaBeHCTBy |^| ^ min{ 



l 



l 



}• 
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4) H3yHHTb ^HHaMHKy h TonojiornK) cjioeHHH JlHyBHjijia b Kjiacce sa/jan o ,h,bh- 
jkehhh nacTHHbi no a6cTpaKTHOii noBepxHOCTH BpameHHH S ~ (a, b) x S 1 c 
pHMaHOBOft MeTpHKOii (1) b nojie chji, 3a/i,aHHOM npoH3BOjibHbiM (He 062:3a- 
TejibHO 3aMbiKaK>m,HM) ueHTpajibHbiM noTeHiniajiOM. B nacTHOCTH, sa/jana 
HHTerpnpyeMa, HMeeT ^onojiHHTejibHbiH nepBbiil HHTerpaji — KHHeTHnecKHii 
MOMeHT, nosTOMy (HanpHMep, b cjiynae H303HepreTHHecKOH HeBbipo>K,ii,eHHO- 
cth) 3aMbiKaHHe iiohth jik>6oh op6nTbi njiaHeTbi — KOjibnp, b kotopom 3(p- 
cpeKTHBHbiH noTemniaji MeHbine (pHKCHpoBaHHOro ypoBHH SHeprnn (cm. 3a- 
^any 3). IIocTpoHTb 11 rayniiTb nepeivieHHbie /jencTBHH, cjioeHHe JIiiyBiuijifl: b 
cpa30BOM npocTpaHCTBe (a TOHHee, ero o6jiacTH, b KOTopoii coBMecTHbie mho- 
»cecTBa ypoBHH HHTerpajiOB SHeprim h KHHeTHnecKoro MOMema KOMnaKTHbi 
h CBH3HM, noTOMy hbjijhotch TopaMn) Ha Topbi JlHyBHjijiH, a Ha 6a3e cjioe- 

HHJI (Ha3HBaeMOH 6H(pypKaH,HOHHHM KOMnjieKCOM) H3yHHTb B03HHKaiomyio 

acpcpHHHyio CTpyKTypy, nocTpoHTb uejiOHHCjieHHbie penieTKH nepeMeHHbix 
^eiicTBHH. 

CTaTbH HMeeT cjie/ryioiHyio CTpyKTypy. B §2 cpopMyjinpyiOTCH ocHOBHbie pe3yjib- 
TaTBi CTaTtH (TeopeMbi 5, 6, 7, 8, cjie/jCTBHH 1, 2, 3 h KOMMeHTapHH 2, 3). B §3 
o6cy»c,n,aeTCH CBH3b 3a,n,aH BepTpaHa Ha eBKjiH/jOBOH njiocKOCTH h Ha KOHyce. B §4 
^,OKa3biBaeTCH o6o6m,eHHaH TexHHHecKaa TeopeMa 8 BepTpaHa. B §5 ,n,OKa3biBaiOTCH 
TeopeMbi 5, 6, 7 h cjie^CTBHH 2, 3. 

Abtoph 6jiaro^apHbi A.T. OoMeHKO 3a nocTaHOBKy sa^ann, A.B. BojiCHHOBy. 
A.B. BopncoBy, M.^. Majibix. C.K). HeMHpoBCKOMy A. A. OnieMKOBy h A.B. Ulc- 
neTHjiOBy 3a nojie3Hbie o6cy»c,ii,eHHH. 



§ 2. <J>OpMyjIHpOBKa OCHOBHblX pe3yjibTaTOB 



2.1. 06o6m,eHHe TeopeMbi BepTpaHa Ha a6cTpaKTHbie noBepxHOCTH Bpa- 

meHHH 6e3 SKBaTOpOB. 

TEOPEMA 5 (C°° — TJlAflKAH TEOPEMA fljlfl nOBEPXHOCTEH BEPTPAHA nEP- 
BOro THnA). Ilycmb dana zjiadnasi deyMepnasi noeepxnocmb S, ducp'cp'eoMopcp'nasi 
(a,b) x S , CHa6otceHHaM puManoeou MempuKou (1) (m.e. a6cmpanmnan noeepx- 
Hocmb epau^enusi) . Ilycmb (fiyHKU,Uft f ydoeAemeopnem momcdecmey f" ' f '— (/') = 
— £ 2 , zde £ > pauuoHaji'bHO, m.e. f UMeem odun U3 CAedywu^ux eudoe: 



f(r) = Lfc(r - r ) := I 



±C(r-r ), 
: sm(y/c(r - r )), 



±- 



c=0, 
c> 0, 

sh(V-c(r - r )), c < 0, 



(2) 



zde c — noAoeuna azajisipHou Kpueu3HU PuMana smoil noeepxHocmu; e dannoM 
CAynae Kpueu3Ha nocmosinna; 27r£ — noAHuil yzoji e KOHunecKOU moHKe noeepx- 
Hocmu (upnmpe nojisi). Ilycmb, daAee, ffiynnvftm ,f'{r) He UMeem nyAeti na un- 
mepeane (a,b). Tozda e KAacce u ) eHmpaAbHux nomenu^uaAoe na S cyuificmeywm 
dea u moJibKO dea (c mounocmbw do addumuenoil u MyAbmunAUKamuenou koh- 
cmanm) nojiyAOK&AbHO aaMUKmou^ux (coomeemcmeenno AOKaAbHO 3aMUKatmu,ux, 
3aMUKatoui,ux, cuAbno uau cao,6o 3aMUKatmu,ux) nomeni^uaAa Vi(r), l^(r). 
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9mti 30MUKa7oui,ue nomeHu i ua,AU siejisiwmcsi o6o6wt,eHHUMU zpaeumau^uoHHUM 
V\{r) u ocVfluuiMnopnuM VafV), m.e. uMewm eud Vi(r) = ( — l) 8 A|#(r)| ' /« + -B, 

i = 1,2, gde A > 0, S — neKomopue KOHcmanmu, 8(r) = ~jq^y — iy J^fJ ~ c - 
Coomeemcmeytou^ue nomeH l u l ucuiy V%(r) HeocoGbie neKpyzoeue ogpanuueHHue op- 
6umu 3adawmcsi nepuodunecKUMu qiyHKb^usuviu r = r(ip) c MUHUMdAbHUM uoao- 
ofcumejibHUM nepuodoM $j = i = 1,2. 77pu amoM na <pa3oeou mpaenmopuu, 
omeenawuifiil npygoeou op6ume {r} x S 1 C (a, 6) x 5 , 3HaueHue KUHemunecKozo 
MOMenma K paeno K. L — ±£^J , i = l,2. EpaHUHHasi OKpyofcnocmb {f} x S 1 , 

na Komopou docmuzaemcsi inf f(r) (m.e. sup|0(r)|J, siGJinemcsi npumsizueamu^uM 
vtfinmpoM noAM c aaMUKaww/UM nomeHu,ua,AOM V^(r) (m.e. na neu docmmaemcsi 
MViir)). 

IlycTb C = f ■ Toiyja q— jiHCTHoe HaKpbiTiie S bchkoh TaKoii noBepxHOCTH S mo- 
jkbt 6biTb npe,n,CTaBjieHO KaK pasBeTBjiemioe p— jiHCTHoe HaKpbiTiie (c o/jhoh hjih 

^ByMH TOHKaMH BeTBJieHHil) 0,H,HOH 113 TpeX "6a3HCHbIx" nOBepXHOCTen: eBKJIH,II,0- 

Ba njiocKOCTb, ccpepa, iuiockoctb JIo6aHeBCKoro. 3/i,ecb HaKpbiBaiomee npocTpaH- 
ctbo S onpe/jejieiro cjie/ryiomiiM cbohctbom: sto Taxoe pasBeTBjiemioe HaKpbiTHe 

MHHHMajIbHOH CTeneHH, KOTOpOe JIOKajIbHO H30MeTpHHHO HaKpbiBaeT npOKOJIOTyK) 

njiocKOCTb (cooTBeTCTBeHHO ccpepy, njiocKOCTb JIo6aHeBCKoro) . 

B Bii/je HjijnocTpau,HH paccMOTpHM nacTHbift cjiyHaft TeopeMbi 5: cjiynaft KOHyca 
(T.e. c = 0), He o6a3aTejibHO Bjio>KHMoro b TpexMepHoe oG^eMjiiomee npocTpaHCTBO 
b Bii/je noBepxHOCTH Bpam,eHHH (T.e. He o6fl3aTejibHO £ ^ 1). 

CjIEflCTBHE 1 (C°°-rjIAflKHE 3AMbIKAK>IU,HE UEHTPAJIbHblE nOTEHUHAJIbl 
HA KOHYCAX) . Ilycmb 3adan cmandapmHuu Konyc S ~ (0, +oo) x S 1 c puManoeou 
MempuKou 

ds 2 = dr 2 + £ 2 r 2 dip 2 , (r,^mod27r) G (0, +oo) x S 1 , (3) 

zde £ > 0, m.e. yzoji npu eepmune Konyca paeen 27r£. Ecau £ He sieAsiemcsi pau^uo- 
HCUVbHUM, mo ne cyuificmeyem aaMUKatonifUX (coomeemcmeenHo AOKaAbHO, noAy- 
AOKdAtHO, cuAbHO uau CAa6o saMUKawu^ux) ufinmpaAbnux nomenu^uaAoe na pac- 
CMampueaeMOM nonyce. Ecau £ pau ) uoHa,AbHO, mo cyuificmeyem dea u moAbKO 
dea (c mouHocmbw do addumuenou u MyAbmunAUKamuenou Koncmanm) 3aMuna- 
wunux (coomeemcmeenHo AonaAbno, noAyAonaAbno, cuAbno uau CAa6o aaMUKato- 
ui,ux) ufinmpaAbnux nomeHu,uaAa na Konyce: epaeumay/uoHHuit u ocu^AAsvmopwbiu 
nomenuuaAu Vi[r) = (— l)*Ar l ~ 2 ji + B, i = 1,2, sde A > 0, B — npouseoAbuue 
KOHcmanmu. Coomeemcmeymu^ue neoco6ue neKpyzoeue ogpanuueHHue op6umu 
3adammcsi nepuodunecKUMU qiyHKb^usiMU r — r(tp) c MUHUMOJibHHM noAoomumeAb- 
HbiM nepuodoM = 27r/(i£). Bepuiuna Konyca {0} x S 1 HBASiemcsi npumjieueaw- 
u\um ufinmpoM uoam dAsi Kaotcdoeo nomem^uaAa Vi, V<i- 

B nacTHOM cjiynae cmibHO 3aMbiKaioiHHx airajiHTHHecKHx noTemniajiOB TeopeMa 
5 h cjie/jCTBiie 1 BbiTeKaiOT 113 ycujieHira TexHHHecKoii TeopeMbi 2 BepTpaHa (cm. 
3aMeHaHiie 1), a npn ,n,onojiHHTejibHOM ycjiOBioi £ ^ 1 — 113 TeopeMbi 4 CaHTonpeTe. 

TEOPEMA 6 (C°° — TJIAflKAfl TEOPEMA flJIH nOBEPXHOCTEH Beptpaha bto- 
POro TPiriA). Flycmb dana ZAadnasi deyMepnasi noeepxnocmb S, duqiqieoMopqiHasi 
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(a, b) x S , CHa6otceHHa,M puManoeou MempuKou (1). Ilycmb tfiyuKyuH f ne ydoeAe- 
meopnem mootcdecmey f"f — (/') 2 = — £ 2 nu djiH nanozo pai^uonaAtHozo £ > 0, u 
nycmb QiyHKyusi f(r) ne UMeem KpumunecKux moneK hb (a, b). Tozda cyuificmeyem 
we 6ojiee odnozo noAyAottaAbHo 3aMUKatoui,ezo (coomeemcmeenno AonaAtno saMti- 
Kawuifizo, saMUKawinezo, cuavho uau CJia6o 3aMUKatoui,ezo) yenmpaAtnozo nomen- 
yuajia (c moHHoemtm do addumuenou u MyAbmunAUKamuenou KOHcmaHm). Hpu 
amoM nomenyuaA poeno odun (c mouHocrnvto do addumuenou u MyAbmunAUKa- 
muenou KOHcmawm) mozda u moAtKO mozda, Kozda cyuificmeyem ZAadnasi QiynK- 
u,um 9 — 9{r) 6e.3 nyAeu na (a, b), manasi nmo 9'(r) > u puManoea MempuKa e 
Koopdunamax {9, (p mod 2tt) UMeem eud 

ds 2 = ^! + ^ (4 ) 

(9 2 + c-d9~ 2 ) 2 ii 2 {9 2 +c-d9~ 2 Y y > 

zde fi — noAocitcumeAbHaM payuonaAbnasi Koncmanma, d — nenyAeeaa KOHcmaHma, 
a c — npou3eoAt>nasi eeuificmeennasi Koncmanma. 

Ilpu 3moM aiynnyusi 9(r) u mpouKa uuceA (/i, c, d) eduncmeeHHU (ecAU cyuifi- 
cmeytom), u saMUKawu^uu nomenyuaA 6ydem MeAMmbCM o6o6ui > ennuM ocyuAjisi- 
raopnuM, m.e. uMemt, eudV^r) = 2 e^( r ) zdeA,B € R, A(9 4 (r)+d) > 0. Coom- 
eemcmeywu^ue neoco6ue nenpyzoeue ozpanuuennue op6umu aadawmcM nepuodu- 
uecKUMU QiynKyusiMU r — r(ip) c MunuMaAtHUM noAootcumeJitHUM nepuodoM $ = 
ir/i. Ha <pa3oeou mpaenmopuu, omeenamuifiu npyzoeou op6ume {r} x S 1 C (a, b) x 
S 1 , 3nauenue KunemuuecKozo MOMenma K paeno K — ±^^J~g^ ^ +d ; zpanunnasi 

OKpyoKHoemt {r } x S , na Komopou docmuzaemcM inf f(r) (m.e. swp A\9(r)\), ne- 
AMemcM npumMzueamu^uM yenmpoM uoasi c aaM/UKOWUifUM nomenyuaAOM V% (m.e. 
na neu docmuzaemcM inf V2{r)). 

3amemahhe 6. Otmcthm, hto Ka>K,n,aH H3 TeopeM 5, 6 h 7 npe,n,nojiaraeT jinnib 
C°°-rjia,n,KOCTb (a He o6a3aTejibHO aHajiHTHHHOCTb) cpyHKi^Hil f{r),V(r), h bkjiio- 
naeT b ce6a nHTb yTBep»c,ii,eHHH: 

1) onncaHHe 3aMbiKaK>in,Hx u,eHTpajibHbix noTeHu,HajiOB, 

2) onHcaHne nojiyjiOKajibHO 3aMbiKaiomHx u,eHTpajibHbix noTeHu,HajiOB, 

3) oniicaHHe jiOKajibHO 3aMbiKaioiii,Hx u,eHTpajibHbix noTeHu,HajiOB. 

4) onucaHiie chjibho 3aMbiKaK3iii,Hx u,eHTpajibHbix noTeHmiajiOB, 

5) onncaHHe cjia6o 3aMbiKaioiii,Hx u,eHTpajibHbix noTeHu,HajiOB. 

B ycjiOBHH TeopeM 5, 6 h 7 Bee iraTb KjiaccoB noTeHu,najiOB coBna,n,aiOT ^jih a6- 
CTpaKTHbix noBepxHOCTeil Bpam,eHHH 6e3 3kb aTopoB (cm. 3aMeHaHHe 3(b)). B Teo- 
peMax 5, 6 h 7 ,n,aHHOH pa6oTbi (KaK iib [1] , [4, 3, 5] , [8] , [12] h /jpyrux H3BecTHbix HaM 
pa6oTax) He paccMaTpHBaroTCH noBepxHOCTH c SKBaTopaMii, HanpnMep, u,hjihh,h,p. 
ilpe,n,nojio>KeHHe 06 OTcyTCTBHii 3kb aTopoB cymecTBeHHO, TaK KaK Bee noBepxHOCTH 
BpameHHH c 3aMKHyTbiMn reo^esHnecKHMH (T.e. noBepxHOCTH TaHHepn [32; Teope- 
Ma 4.13]) o6jia,n,aiOT 3aMbiKaK>in,HM u,eHTpajibHbiM noTeHu,najiOM , paBHbiM KOHCTaH- 
Te. Momo noKa3aTb, hto npii OTcyTCTBHH SKBaTopoB ycjiOBne (4) npii c,rf £ M, 
KaK ycjiOBiie Ha cbyHKu,Hio /, paBHOCHjibHO 6HKBa/i,paTHOMy ypaBHeHHio H3 TeopeMbi 
4 CaHTonpeTe Ha nocTOHHHyio BepTpaHa ft := 27r/$ = i/fi, 3aBHCHin,yio ot THna 
CHjibHO 3aMbiKaioiii,ero noTeHu,Hajia Vi, i = 1, 2. 
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CeMeitcTBO nojiy6ecKOHeHHhix 
51 2 noBepxHOcreit Beprpana 



IIjiockocth JIo6aHeBCKoro d — Ilojiyccpephi l\ 

, ~ / (o'o) 

J-isa ceAieiiCTBa 
nojiy6ecKOHeHHbix 
noBepxHOCTeii / CeMeMcTBO rpyjneBH^Hbix 




Beprpana / ^3 noBepxHOCTeii BeprpaHa 

n 4 e'i: 



Phc. 1. ILnocKOCTb napaMeTpoB R 2 (c, d), pa36nTaa Ha noflMHoacecTBa: 
o6jiacTH, KpHBbie n TOMKy (Ha flyre £4 HeT 6i«pypKaHHH ceMeiicTBa). 

3AMEHAHHE 7. Ecjih b TeopeMe 6 nojiojKHTb d = 0, fx = to cooTBeTCTBy- 
romne noBepxHOCTH b /jeftcTBHTejibHOCTii coBna/ryT c noBepxHOCTHMn, onncaHHbi- 
mh b TeopeMe 5, a noTeHnnaji — c ocn,njijiHTopHbiM noTeHnnajiOM ^(r). Ilapbi 
noBepxHOCTb-noTeHu,Haji H3 TeopeM 5 h 6, OHeBH/nro, coBna/jaiOT c napaMH H3 Teo- 
peMti 3 ,H,ap6y. TpexnapaMeTpnnecKoe ceMeiicTBO nap {fp,K {f), Vk,g{^)) 03 pa6o- 
Tbi IlepjiHKa [8] coBna^aeT c onnc aHHbiM b TeopeMe 5 ceMeiiCTBOM pjw rpaBiiTa- 
nnoHHoro noTeHnnajia c MyjibTnnjiHKaTHBHon KOHCTaHTOft A\ — £/2, iyje /3 := £, 
K := — c/i 2 , G : = —2B - napaMeTpbi ceMeiicTBa b [8]. HeTbipexnapaMeTpnnecKoe 
ceMeiicTBO nap {fp.D.K{ r )i VD,K,G( r )) 113 pa6oTbi IlepjiHKa [8] coBna,n,aeT c onn- 
caHHbiM b TeopeMe 6 ceMencTBOM (npn jik>6om d € R) pjisi MyjibTnnjiHKaTHBHon 
KOHCTaHTbi A 2 = ±l/(2/x 2 ), iyje f3 := 2//i, D := (i 2 c, K := -A^d, G := -IB - 
napaMeTpbi ceMencTBa b [8] . 

2.2. TeoMeTpHH h KJiaccHcpHKaij,HH noBepxHOCTeii BepTpaHa. Hnsce mm 
nocTpoHM e/nmoe ceMeiicTBO MaKCHMajibHbix aHajinTnnecKHx (BOo6me roBopa, HecBH3- 
hhx) noBepxHOCTeii, co/jep^Kainnx b ce6e jno6yio H3 noBepxHOCTeii, onncaHHbix b 
TeopeMax 5 n 6, n H3ynnM reoMeTpnio n KjiaccncpHKannio sthx noBepxHOCTeii. 

PaccMOTpnM ceMeiicTBO (pyHKnnn Q c ,d{9) '■= 9 2 + c — d6~ 2 , c, d G R. 06o3HaHHM 

I c . d := {9 e R I 9 < 0, Q c4 {6) > 0, Q' cA {6) ^ 0} =: (J J c , d , fc , 

fe=i 

rffe 7 Cid ,/c = (0c,d,fc, min, ®c,d,k, max) C I c ,rf — MaKCHMajibHbin no BKjiiOHeHHio HHTep- 
Baji, k - HOMep HHTepBajia, k c ^ - KOjinnecTBO HHTepBajiOB, T.e. k Cj d '■= 1 npn d ^ 
H fcc,d : = 2 npn d < 0. ITycTb r c ^(9) — J g — HeKOTopaa nepBOo6pa3Haii b 
o6jiacTH J c ( j. 

3amemahhe 8. <DyHKn,HH r c ( i{9) n MaKCHMajibHbie HHTepBajibi I C;( j,fe b 3aBncn- 
mocth ot (c, d) € R 2 MoryT 6biTb 3a^aHbi hbhhmh (popMyjiaMH. A HMeHHO, 060- 
3HaHHM A = A(c, d) := c 2 + 4<i. Kacaiomneca APY r APy ra npaMaa {d — 0} n 
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napa6ojia {A = 0} pa36iiBaiOT njiocKOCTb M 2 Ha cjie/jyioiniie no/rMHO>KecTBa: 06- 
jiac™ n x = {A > 0,d < < c}, n 2 = {d > 0}, fi 3 = {c < 0,d < < A}, 
fl 4 = {A < 0}, KpHBbie l x = {d = < c}, 4 = {c < = d}, 4 = {c < = A}, 
£4 = {A = < c} h TOHKy {(0,0)} (cm. piic. 1). B o6jiacTii nepe3 Xj = Xj(c, d) 
kj/, = yi(c,d), (c,d) £ fli, i € {1,2,3,4}, o6o3HaHHM cjie^yromne (pyHKuiiii: 



2/i = 2/2 



^2 = 2:3 



A 



-c-VA 



2/3 := 



X4 



2/4 := 



/ 2 ' 00 V 2 
Tor,n,a cpyHKu,HH r Ct d{9) mckkct 6bitb 3a,n,aHa cjie^ryioiHHMH cpopMyjiaMii 

1 



—d c 
2 4' 

— d c 
2- + 4- 



, (c,d) = (0,0), 



1 



,, . arctg h 2/1 arctg — , (c, d) € f^, 

2/i ~ ^1 V ^1 2/1, 



— arctg — . 
2/1 2/1 



2/2 arctg ■ 



2/2 



2x? 



In 



^2 



^2 









0-2/3 


) 






2 


+ 2/3 





2 2 - #1 4x 3 



In 



^3 



X3 



arctg 
4?/4 V 2/4 



X4 



arctg ■ 



X4 1 , (0 + X 4 ) 2 + yl 

■ In 



2/4 2 (9 - x 4 ) 2 + y 4 2 
1 9 19 

2^ arctg ^~2^r 



(c,d)e4, 
(c,d) e Q 2 , 

(c,d)e4, 
(c,d) e Q 3 , 

(c,d) e 4, 

(c,d) e n 4 , 
(c,d) e4. 



HHTepBajibi I c .d,ki na KOTopbix 3a/iaHa (pyHKuira r c _d{9), hmciot bh,zi, 

Ic,d — [J Ic,d,k '■ = 



(-OO,0), 
(-OO, -X3) 



fe=l 



(c,d)e{(0,0)}u4; 
(c,d) g n 2 u4; 
(-00, -0:3) u (-2/3,0), (c,d)eO,u4; 
(-00, -^=d) U (— v^djO), (c,d) e 4un 4 u4ufii. 



3aBiiciiMOCTb 3 tux HHTepBajiOB ot (c, d) € M 2 h fc £ {1, fc Cj£ j} noKa3aHa Ha piic. 2 11 
b Ta6jinue 1, BMecTe c mhojkectbom 3HaHeHHH <pyHKii,HH r Ct d\i c d k - 

no nocTpoeHHK. KajKflaa 113 <J)yHKirnfi ?" Cid |/ cdfc : 4,<i,/= r c , d {I c j,k) CTpo- 
ro MOHOTOHHa, a noTOMy iiMeeT o6paTHyio (pyHKuiiio, KOTopyio oGcGHaniiM ne- 
pe3 C)dife = <9 Cl d,fc(r). HTaK, (pyHKirHH Cl <j,fc : r Ct d(I c ,d,k) -> I c ,d,k TaKOBa, hto 
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<j) mod 2tt 






9-7T 








7i = 


/ i 2 




72 = 


\* — 






73 = 





hi — - e 





{9 = — y/—d(<j>)} {sKBaTopbi) 
{9 = -x 3 (c(<t>),d(<f>))} 



{e = -y 3 (c(<t>),d(4>))} 



(a6cojiK)Tbi) 



Phc. 2. OBteflHHeHHa HHTepBajiOB Ik := U^7 c (^),d(^),fc x {</>} flJia ce- 
MeiicTB noBepxHOCTeii BepTpaHa S , c (^),d(^),fc (fc = 1)2), rfle (c(</>), d(</>)) := 
8(V2 cos(0 + tt/4), \/2sin((£ + vr/ 4 ) - !)• 



c ,d,k{ r c,d{@)) = 0. PaccMOTpHM TpexnapaMeTpiinecKoe ceMeftcTBO a6cTpaKTHbix no- 
BepxHOCTeii BpameHira S Cjd = ^k=x^c,d,k c pHMaHOBbiMH MCTpHKaMii ds 2 c d , iyje 



S c ,d,k — T Ct d,{I c ,d,k) x S 1 



r/s 2 



eft? 2 



= cir 2 



2 fc,±k( r )df 2 , 



+ c - d0- 



de- 



ls) 



3Ta 



iy;e c,(JeR, (i>0 - napaMeTpbi, fe e {l,k Cid }, fc,d,k( r ) : = 7^ ,! 

y/Wc,d(o c ,d,k(r)) 

noBepxHOCTb coctoht h3 /c Ci( j cbh3hbix KOMnoHeHT. IlepByio CBH3Hyio KOMnoHeHTy 
(A; = 1) Ha30BeM ochoghou. BTopyio (k = 2 npii d < 0) — donoAHumeAtHOu, a 
ceMeftcTBO (5) — ceMeucmeoM ( AtaKCUMOAhHUX ) noeepxHocmeu Bepmpana. 

IlycTb 7 = 7(0) = (cu, d^), 2tt — HeKOTopaa, He o6a3aTejibHO HenpepwB- 
Has, KpHBaa b K 2 , nepeceKaiomaH BCHKoe mhcokectbo BH^,a {(Ac, X 2 d) \ A > 0} C R 2 
b e,n,HHCTBeHHOH TOHKe. HanpHMep, o6pa3 kphboh 7 = 7(0) MO»ceT hbjihtbch o6i>- 
e/pmeHneM a b Y x npaMbix K x {±1} h Tpex tohck {(—1, 0), (0, 0), (1, 0)}. 

TEOPEMA 7. Ilycmb dana deyMepnasi noeepxHocmt S, dudidieoMopdinasi (a,b) x 
S , CHa62tcenH(L% C°° -SAadmil puManoeou MempuKou (1). 

(A) JIw6ou C°° -ZAadKuu 3aMUKawm l uu v t eHmpaAbHuu nomeni^uaji sieAsiemcsi no- 
jiyjwKajvbno 3aMUKaimu,uM, aw6ou cuawo saMUKawmuu — cAa6o saMUKawu^uM, 
aw6ou CAa6o 30MUKmom l uu — noAyAOKaAtno saMUKawinuM, a aw6ou noAyAOKaAt- 
ho 3aMUKatoui,uu — AotsaAbHo 3 OMUKawviUM. 

(B) nycmt f(r) ne uMeem KpumunecKux moueK na (a, b). Toeda aw6ou C°° -zAadKuu 
AOKdA'bHO aaMUKawvuijUU vfinmpaA'bHuu nomeHV,uaA sieAsiemcsi aaMUKawinuM u cuAb- 
ho 3aMUKaimu,UM, u CAedyww^ue ymeepotcdeHUM paenocuAbHu: 

(a) na noeepxHocmu S uMeemcsi saMUKawu^uu v^eHmpcuibHuit nomem^uaA V(r); 

(b) cymecmeyem mpouna (/i,c, d) £ K 3 u tfiyHKiiusi 9 — 9(r) 6e3 nyAeu na uh- 
mepeaAe (a, 6), mame umo fi G QflR>o U eunoAneno (4), m.e. 

f( r ) = -fc,d,k(v( r ~ r o)), 6{r) = V0c,d>k(v{r ~ ro)), re (a, 6), 

A* (6) 

(r)(a - r ),T](b - r )) C r c<d (I Ctdik ) 
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djin neKomopux ro £ 1, t| 6 {+> ~ } u k G {l,k c ^}, m.e. noeepxnocmb 
(S,ds 2 ) u30MempuHH0 u S 1 -sneueapuanmno eKJiadueaemcsi e noeepxHOcmb 
Bepmpana (5) nocpedcmeoM omo6pastcenusi (r, cp) i— > (rj(r — ro), y 5 ); 
(c) cyu^ecmeyem na6op (fx,X,<f),ro,k), manou umo /i g Q fl K>o, A G M \ {0}, 
0^0^ 2-7T, ro € R, fc G {1, fc 7 (^,)}, |A| = 1 npu 7(0) = (0,0), npuneM 
(pynK'nuM f(r) uMeem eud: 

f(r) = j^f~,(<p)A x ( r - r o)), (A(o-r Q ),A(6-r )) Cr 7W (J 7W , k ), 

m.e. noeepxHOcmb (S,X 2 ds 2 ), nodo6nan ucxodnou c KosqiqiuuueHmoM nodo- 
6uh A, u30MempuHH0 u S 1 -BKeueapuanmno eKAadueaemcsi e noeepxnocmb 
{S ~t {<!>), kids 2 ^ k ) nocpedcmeoM omo6paMcenuH (r, tp) i-> (A(r — ro), <^). 
Ha6opu HuceM e (b) it (c) eduncmeennu. Ha6opu (/i, 77, ro, k) U3 (b) tt (/x, A/|A|, ro, fc) 
U3 (c) coenadawm. IlapaMempu c,d u ifiynKi^uM 9{r) us (b) ceMsanu c napaMem- 
paMU A, 4> U3 ( c ) coomnouienuMMu c = X 2 c ( j >1 <i = A 4 e?0, 0(r) = A0 7 (0) / £ (A(r — r )). 

BiomenuiiaA V = V(r) U3 (a) UMeem eud Vi{r) = (-l)''A*|0(r)| 2 -* /i + B z zde 
i G {1,2} npu d = 0, i = 2 npu d ^ 0, Ai,Bi el - AK>6ue MyAbmunAunamuenasi 
u addumuenasi Koncmanmu, maKue nmo A\ > 0, ^(^(r - ) + d) > 0. 

(C) Omeenawu^ue eaMUKawu^eMy ufinmpaAbnoMy nomenu,uaAy Vi neocoBue netzpy- 
zoeue ozpanuuennue op6umu 3adawmcsi nepuodunecKUMU (fiynKUjUJiMU r = r(ip) c 
MUHUMaAbHUM noAOMCumeAbHUM nepuodoM <I>i = 27r/i/z, gde fi mo otce, umo u 
e (b) u (c), i = 1,2. Bipu smoM na (pasoeoti mpaettmopuu, omeenawuifiu npyzo- 
eou op6ume {r} x S 1 C (a, 6) x S , 3nauenue KunemunecKozo MOMenma K paeno 
Ki = zpanuunan OKpyotcnocmb {f} x S 1 , Ha Komopou docmuza- 

emcM inf /(r) ('m.e. sup A{|0(r)|^, sieAsiemcsi npumsizueawu^uM upnmpoM uoasi c 
nomemijUaAOM Vi (m.e. na neil docmuzaemcM vniVi{r)). 

Kommehtaphh 1. B Ta6jiHu,e 1 yKa3aHbi MaKCHMajibHbie HHTepBajiw I c ,d,k, b 
kotophx npiiHiiM aeT 3HaHeHHH KOop,n,HHaTa 9 Ha noBepxHOCTHx BepTpaHa (5), h 
o6jiacTH 3HaneHHii mohotohhhx (pyHKn;HH r c ^ d {9), F c ^ d (9) := f c ,d,k(r c ,d(0)) , R c ,d{9) 
(HaTypajibHbiii napaivieTp Ha Mepn/niaHe, pa,n,Hyc napajijiejin npn = 1, CKajiapHaa 
KpHBH3Ha) . B Ta6jiHHe Hcnojib30BaHH o6o3HaHeHHH r4 i := (7r/2 — l)/(4j/4) h 

_ 7T 2/1 arctg y/ujx! n 1 ^a;^ + y\ - x 4 

2yf-xf yi- xi 8j/ 4 4x 4 2/4 

CjIEflCTBHE 2 (rEOMETPHH nOBEPXHOCTEH BEPTPAHA) . (A) Ha AH)6ou no- 
eepxnocmu Bepmpana (S 1 , ds 2 ) = (S c ,d,ki ds 2 ^ c d ) (cm. (5)) cyuificmeyem eduHcmeen- 
Han zpanuHHaM OKpyofcnocmb {f} x S , onpedejieHHan ycAoeueM lim r _j.f /(r) = 
(m.e. cmMzueawu^aMCM e mouny, Ha3ueaeM,ym nojnocoM noeepxnocmu) , npuneM 
linv-s.j: 9{r) = —00 e cAynae k = 1, u liirv-^ 9(r) = e cjiynae k — 2. B noAwce 
noeepxnocmb UMeem KOHUHecnyw oco6enHocmb c uoahum yzAOM 27rlim r _ > .f |/ (r)|, 
paenuM 2tt / (i npu k — 1 uau 00 npu k = 2. FIoAtoc sieAsiemcsi npumsizueamui^uM 
upnmpoM dAM aki6ozo saMtiKamu^ezo u,enmpaAbHOZO nomenu,uaAa. 

(B) noeepxnocmb (S, ds 2 ) = ((a, b)x S 1 , ds 2 ) C (S c ^^, ds 2 ^ c d ) peaAU3yeMa e M. 3 
kwk noeepxnocmb epauifinun mozda u moAbm mozda, Kozda |/'(r)| ^ 1 ecmdy na 
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Tabjihu;a 1. HHTepBajibi I c ,d,k h hx o6pa3t>i (cm. KOMMeHTapHH 1, 2, 3). 
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S, zde f'(r) = — (9 + d9~ 3 ) / '(/iV '9 2 + c — d9~ 2 ). B uacmnocmu, donoAnumeAbnasi 
noeepxnocmb Bepmpana (k = 2) ecezda nepeaAU3yeMa; npu d ^ ^ c ocnoe- 
h&h noeepxnocmb Bepmpana (fc = 1) peaMi3yeMa mozda u moAbKO mozda, Koeda 
ji ^ 1 (eKMonasi cmandapmnyw noAycqiepy npu (/J,,c,d) = (1,1,0) u eeKAudoey 
nAocKocmb npu (/i, c, d) = (1,0, 0)); npu (c,d) £ f22Uf23\{(0, 0)} ocnoenaH noeepx- 
nocmb Bepmpana (fc = 1) nepeaAusyeMa hu npu naKOM /i (enmonasi cmaHdapmnyto 
nJiocKocmb JIo6aueecKozo npu (/i, c, d) = (1, —1, 0) ). 

(C) C k aAMp nasi Kpueuana PuMana R = — 2/"(r)//(r) =: R c ,d{9) Ha noeepxno- 
cmu Bepmpana (5) ydoejiemeopsiem coomnouienusuvi 

Rc,d( ) = _ 6d _ 3cd 2d 2 K.M = ±{n2, _ d \ 

2 ° 9 2 6» 4 6 6 ' 4! 9 5 \ C 9 2 J fi 2 f 2 8 5 ' 

m.e. R = R(9) nocmosvnna npu d = 0, eospacmaem npu d < 0, y6ueaem npu 
d > u UMeem cjiedywu^ue npede/ibnue 3Hauenusi: e ocnoenoM noAwce R — > 2c, 
e donoAHumeJibnoM noAwce R — > +oo, na 3Keamope R — > 32y|(c, c?) > npu <i 7^ 
0, na ocnoenoM a6cojimme R — > — 2A(c, d)/x\{c, d) ^ npu (c, e?) 7^ (0,0), na 
donojinumeJibHOM a6cojimme R — > — 2A(c, d)/y|(c, d) ^ 0. 5 uacmnocmu, R > 
npu (i ^ ^ c w (c, d) 7^ (0,0), a manome npu (c, d) £ ^ u = 2; J? < 
npu c ^ ^ d n (c, d) 7^ (0,0), a maKotce npu {c,d) £ u k = \; R UMeem 
nenocmosmntiu 3naK npu ocmaAbnux (c, d, fc), manux umo (c, d) 7^ (0,0). 

(D) Ha mo6ou noeepxnocmu epaiu,enuM uau, 6oAee o6mp, na ee N—MepnoM 
anaAoze, m.e. na puManoeoM M,noeoo6pa3uu (a, b) x S N ~ 4 c puManoeou MempuKou 
ds 2 = dr 2 +f 2 (r)dip 2 , zde N £ N u nepe3 dip 2 o6o3Hauena cmandapmnan puManoea 
MempuKa na (N — l)—Mepnou edununnou cgjepe S 1 _1 , onepamop JlanAaca-BeAb- 
mpaMU deucmeyem na yenmpaAbnue diynnyuu h = h(r) no diopMyAe 

Ah(r) = h"(r) + (N- l)ti (r)f' (r) / f(r) = {f N -\r)ti (r)) 1 / f N -\r). 

Hpu N = 3 o6o6ui,eHHUu gpaeumai^uonno-KyAonoecKuu nomenu s uaA = 0(?'), 
onpedeAennuu ycAoeueM Q'(r) — l// 2 (r), sieAMemcsi zapMonunecKou qiynKuueu. 

Kommehtaphh 2. OlIHIIieM 6HcJ)ypK£lLI,HH nOBCpXHOCTeH BepTp£iH£i (5) npu ^BH- 

»ceHHH napti napaMeTpoB (c, d) £ M 2 BOKpyr Hanajia KOop,n,HHaT. 

(A) IIpH (c, d) £ Qi U £4 U tt^ noBepxHOCTb BepTpaira coctoht h3 a b Y x CBH3Hbix 

KOMnOHeHT, Ha KOTOpblX 9 £ ( — OO, — ( — d) 1 / 4 ) H 9 £ ( — ( — d) 1 / 4 , 0) COOTBeTCTB6HHO. 
3tH KOMnOHeHTbl HBJIHK3TCH ^.ByMH nOJIOBHHKaMH "rpynieBH^HOli" aHajIHTHHeCKOft 

piiMaHOBOH noBepxHOCTH (—oo,0) x S , pa3pe3aHHOii no e,n,HHCTBeHHOMy SKBaTopy 
(r^e /' = 0). Tpymeeudnocmb noBepxHOCTH Bpam,eHHH 03HaHaeT, hto cymecTByeT 

e,H,HHCTBeHHHH SKBaTOp, CpyHKUHH r H / MOHOTOHHH Ha Ka>K,H,OH IIOJIOBIIHK6 nO- 

BepxHOCTH BHe SKBaTopa, npHHHMaiOT 3HaHeHHH b KOHenHbix HHTepBajiax (T.e. no- 
BepxHOCTb orpamiHeim) , npnneM b Ka>K,n,OH iiojiobiihkc ecTb nojiroc (r.e. inf / = 0, 
OTKy,n,a sup / /jocTiiraeTCH Ha SKBaTope), h b nojirocax noBepxHOCTb HMeeT kohhhc- 
CKHe oco6eHHOCTn c pa3HBiMn nojiHbiMH yrjiaMH (paBHbiMii 2tt//j h oo b ochobhom h 
/jonojiHHTejibHOM nojirocax cooTBeTCTBeHHo) . ilpn fi £ Q cooTBeTCTByromnit 3aMbi- 
KaB3iu,HH (ocuiijijiHTopHbra) noTeHu,Haji Ha pa3Hbix nojiOBHHKax nponopuiiOHajieH 
o,h,hoh h Toil ace aHajiiiTHHecKoft cpyHKu,HH, o^HaKO 3HaKH K03<p<pHu,HeHTOB npo- 
nopu,HOHajibHOCTH pa3JiHHHbi Ha pa3Hbix nojiOBHHKax. JXna Ka^K^oro 3HaKa noTeH- 
uiiajia Bee Heoco6bie orpaHHHeHHbie op6HTbi 3 aMKHy tm (T.e. Ha Bceft noBepxHOCTH 
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6e3 nojiiocoB noTeHiniaji hbjihctch 3aMbiKaioiHHM, nojiyjiOKajibHO h JiOKajibHO 3a- 
MHKaioiii,HM, ho He cjia6o h He cnjibHO 3aMbiKaK>m,HM) . JXnvma, Ka^K^oii 3aMKHyToft 
reo^esHnecKOH, o6pa30BaHHOft ppyMsi Mepn/niaHaMH, paBHa [aL/2, a npn [i G Q Bee 
ocTajiBHbie reo^,e3HHecKHe 3aMKHyTbi h npoxo/iHT nepe3 SKBaTop, npnneM Bee reo- 
fle3HHecKHe KpoMe SKBaTopa h Mepn/niaHOB HMeiOT qupy h Ty »ce /ijiHHy qL, r/je L 
— .zrjiHHa 3KBaTopa, ji/2 =: g/p — HecoKpaTHMaa ;xpo6b. 3th rpyineBHiTHbie no- 
BepxHOCTH hbjihkjtch npHMepaMH noeepxHocmeu Tannepu [32; TeopeMa 4.13 h npn- 
jio»ceHHe A], T.e. noBepxHOCTeft BpameHHH, Bee reo^e3HHecKHe KOTopbix 3aMKHyTbi. 
ITpn fi — 2 nojiynaeM npHMepbi noeepxnocmeu I^ojuisi [32; cjie/jCTBHe 4.16], T.e. 
noBepxHOCTeft, Bee reo^e3HHecKHe KOTopbix HMeiOT o,zniy h Ty see ,zrjiHHy. 

Ilpn npn6jiH}KeHHH totkh (c, d) G f2i k Jiyny £i ,n,onojiHHTejibHaH nojiOBiiHKa 
"HCHe3aeT" (BbipojK/iaeTCJi b SKBaTop), a ocHOBHaa npeBpamaeTCH b npoKOjiOTyio 
nojiyccpepy (npn fx = 1) hjih b JiOKajibHO H30MeTpHHHyio eii noBepxHOCTb (npn npo- 
H3BOjibHOM [i > 0) . MaKCHMajibHoe aHajiHTHnecKoe npo,n,oji>KeHHe nojiyccpepbi - 
ccpepa — cxo/nia c rpynieBH/iHbiMH noBepxHOCTHMH, c ojthhm jinnib otjihhhbm - 

OHa CHMMeTpHHHa OTHOCHTejIbHO SKBaTOpa. TaK KaK OCIIHJIJIHTOpHblft noTeHiinaji 

paBeH 9~ 2 , oh HMeeT oco6eHHOCTb Ha aKBarope ccpepbi (T.e. npn = 0), a noTOMy 
He npo/ipjKKHM Ha bcio ccpepy. rpaBHTainiOHHbift noTeHiniaji Ha "ochobhoh" nojiy- 
ccpepe paBeH 9, a ero aHajiHTHnecKoe npo;j,oji}KeHHe Ha ccpepy (xaK h /tjih ocniui- 
jiHTopHoro noTeHiniajia Ha rpynieBHjTHbix noBepxHOCTHx) HBjraeTCH 3aMbiKaioiHHM, 
nojiyjiOKajibHO h JiOKajibHO 3aMbiKaioiHHM, ho He cjia6o h He cnjibHO 3aMbiKaioiHHM. 

IIpH npH6jIHJKeHHH TOHKH (d, d) G ^4 K fl^Te £3 SKBaTOp 6eCKOHeHHO yiTJIHHHeTCfl 

h OT^ajiaeTCH ot nojiiocoB ("npeBpamaeTca b a6cojnoT"), b pe3yjibTaTe nero nojio- 
bhhkh "oT/jejraiOTCH ppyr ot jxpyra", h rpynieBH/nma noBepxHOCTb pacna/iaeTCii Ha 
ppe nojiy6ecKOHeHHbie noBepxHOCTH (cm. (C) hhjkc). 

(B) Ilpn (c, d) G f?2 noBepxHOCTb CBH3Ha (T.e. coctoht h3 ojTHoft jinnib no- 
jiobhhkh — ochobhoh) h noAy6ecKcmeHHa, T.e. r h / B03pacTaK>T (xaK cpyHKiniH 
ppyr ot jxpyra), npnneM hmciotch nojiioc (inf r > — oo, inf/ = 0) h "a6cojiiOT" 
(supr = sup / = +00). TeM caMbiM, KajK^aa TOHKa Haxo/niTCH Ha kohchhom pac- 
ctohhhh ot nojiioca h MO»ceT 6biTb ynajieHa ot Hero Ha jno6oe paccTOHHHe. B 
nojiioce noBepxHOCTb HMeeT KOHHnecKyio oco6eHHOCTb c nojiHbiM yrjiOM 2tt/ ji. Bee 
reo^esHHecKne c K ^ He3aMKHyTbi, HMeiOT 6ecKOHe T myio /rjiHHy (b o6e ctopohh). 

Ilpn npn6jiH>KeHHH tohkh (c, d) G O2 k Jiyny £\ hjih £2 noBepxHOCTb npeBpama- 
eTca b npoKOJiOTyro nojiyccpepy hjih njiocKOCTb JIo6a x ieBCKoro (b cjiynae \i = 1). 

(C) UpH (c, tf) G U £3 nOBepXHOCTb COCTOHT H3 RByX CBH3HbIX komiiohcht — 

ochobhoh h jj,onojiHHTejibHOH, npHHeM KajK^aH KOMnoHeHTa nojiy6ecKOHeHHa (cm. 
Bbinie) , h KOMnoHeHTbi APy r APY r y H e H30MeTpHHHbi (h He nojj,o6Hbi) , ^a»ce jiOKajib- 
ho. B nojiiocax noBepxHOCTb HMeeT KOHnnecKHe oco6eHHOCTH c pa3HbiMH nojiHbiMH 
yrjiaMH (paBHbiMH 2tt/ fi h 00 b ochobhom h jj,onojiHHTejibHOM nojiiocax cootbct- 
CTBeHHo). Bee reoj^esHnecKHe c K ^ hmciot 6ecKOHe x iHyio /rjiHHy. 

Ilpn npn6jiH>KeHHH totkh (c, d) € fia k Jiyny £2 /ipnojiHHTejibHaii KOMnoHeH- 
Ta "HCHe3aeT", a ocHOBHaa npeBpain,aeTCH b npoKOjiOTyio njiocKOCTb JIo6a x ieBCKoro 
(npn fi = 1) hjih b JiOKajibHO H30MeTpHHHyio eii noBepxHOCTb (npn jiio6om /i > 0). 

CjIEflCTBHE 3 (KjIACCHOHKAI^HH ilOBEPXHOCTEH BEPTPAHA) . PdCCMOmpUM 

nemeepKu nuceji (/x, c, d, 9o), maKue umo /i, c, d G R, /i > 0, #0 G / c c ;, u napu uuceji 
(\,<fi) G lR>o x [0, 27r], maKue umo A = 1 e cjiyuae 7(0) = (0,0). i?a noeepxHocmu 
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Bepmpana (S^^ds 2 cd ) paccMompuM Koopdunamu 9,p mod 2tt (cm. (5)), Mepu- 
duanu I cd x {ipo} C S cd u napajuiejiu {9 Q } x S" 1 C S c _ d . 

(A) JJam pa.3AUHHUx nemeepoK (^j, Cj, dj, i = 1,2, noeepxnocmu Bepmpana 
{S Ci ,diids c . d .) He u30Mempu,HHU dpyz dpyzy (c coxpanenueM ceMeucmea Mepu- 
duanoe) nu e KaKux OKpecmnocmMX napaAJiejieu {9i} x S 1 C S Ci ,di- 

noeepxnocmb (S c ,d, ds 2 ^ c d ) AOKaAbno u30Mempunna noeepxnocmu (S c ,d-> ds\ c d ). 
Tonnee, OKpecmnocmb aw6ozo Mepuduana noeepxnocmu (S c ,d, ds 2 ^ c d ) u30Mempun- 
no eKAadueaemcM e noeepxnocmb (S c ,d, ds\ c d ) nocpedcmeoM conocmaeAenun (9, tp) 
1 y (9 , p / u) . JIam pa3Aunnux mpoeK (ci,di,9i), i — 1,2, noeepxnocmu (S Ci> di, ds 2 c . d .) 
ne MeAMwmcM AOKaAbno u30MempunnuMU dpyz dpyzy (c coxpanenueM ceMeucmea 
Mepuduanoe) nu e Kanux oKpecmnocmsix moueK (9i,0) € S Cu di- 

(B) IIoeepxHocmb (S c ,d, ds 2 ^ c d ) nodo6na noeepxnocmu (S^^, ds 2 7(0)) M • /l0_ 
KaAbno nodo6na noeepxnocmu (S^^y ds 2 7 (^\) c KoadidiuuuenmoM nodo6uM 1/A, gde 
napa (A, </>) odno3naHHO onpedejinemcsi coomnomenusiMu c = A 2 c^, d = A 4 d^. Tow- 
nee, noeepxnocmb (S Ct d, X 2 ds 2 l c d ), nodo6nasi noeepxnocmu (S Ctd , ds^ c d ), u30Mem- 
puHHO omo6paofcaemcM na (£y(<£), ds 2 ^ conocmaeAenueM (9, ip) i-> (6*/A, 95). ^f/UJ 
pa3Auunux mpoen (^i,(f>i,9i), i = 1, 2, noeepxnocmu (S^^.yds^. 7 (^.)) nodo6nu 
dpyz dpyzy (c coxpanenueM ceMeucmea Mepuduanoe) nu e KaKux OKpecmnocmMX 
napaAJiejieu {9{\ x S 1 <Z S^r^A. JIasi pa3Aunnux nap [(pi, 9i), i = 1,2, noeepxnocmu 
(^7(0*)' 7(0 )) He M6JlMH>mc - H AOKaAbno nodo6nuMU dpyz dpyzy (c coxpanenueM 
ceMeucmea Mepuduanoe) nu e KaKux OKpecmnocmsix moueK (9i,0) € S^^.y 

(C) noeepxnocmb (S^jds 2 c d ) npoeKmueno dudidieoMopdiHa o6Aacmu na odnou 
U3 mpex noeepxnocmeu (<Sc ,d ,ds 2 Cq dg ) dAn do := sgnd G {—1,0,1} u aw6ozo 
c o ^ c o(c, d), zde Co(c,d) := npu d = 0, cq(c, d) := —2 npu d < 0, co(c, d) := c/V^ 
npu d > 0. Tonnee, uMeemcn eAootcenue (Sc^jds^ c d ) (S C(udo , ds 2 ^ Cg dg ), ne- 
peeodsmifie (nenapaMempusoeannue) zeode3unecKue e zeode3unecKue u sadaeae- 
Moe CAedymuijUM conocmaeAenueM. IIpu d — ono sadaemcM conocmaeAenueM 
(9,p) 1 — V (9,p), npuueM npu c ^ ono 6ueKmueno, a npu c < nepeeodum no- 
eepxnocmb (sieAsiwunywcsi npu /x = 1 npoKOAomou nAocKocmbw JIo6aneecKOZo) na 
npoKOAomuu Kpyz (—00, —y/—c) xS'c ^0,0- IIpu d 7^ ono sadaemcn conocmae- 
AenueM [9, tp) H> (9/\d\ 1 ^ 4 , p), npuueM npu (c, d) e £!i U £4 U SI4 U £3 oho 6ueKmue- 
no, npu (c, d) € O3 omo6paotcaem noeepxnocmb na o6t,edunenue deyx npoKOAomux 
Kpyzoe (-oo,-x 3 (c,d)/(-d) 1 / 4 ) x S 1 u {-y 3 (c,d)/(-d) 1 / 4 ,0) x S 1 , a npu d > 
omo6paofcaem noeepxnocmb na npoKOAomuu Kpyz (— 00, —x^{c, d)/d 1 / 4 ) x 5 1 . 

Kommehtaphh 3. IIoBepxHOCTH BepTpaHa (5) hbjihkjtch aHajiHTHnecKHMH, no- 
napHO HeH30MeTpHHHHMH (,n,a>Ke jiOKajibHO, c coxpaHemieM ^eiicTBHH rpynnw Bpa- 
meHHii) noBepxHOCTHMH h o6pa3yiOT rjia,n,Koe TpexnapaMeTpHnecKoe ceMeiiCTBO c 
napaMeTpaMH (/i,c,d) hjih (u,X,4>). ,II,Ba napaMeTpa fi, A > hmhot npocToii reo- 
MeTpiiHecKiiii cmbicji — npn hx H3MeHeHiiii (c no,n,xo,ii,Hiii,HM jiHHenHbiM MacniTa- 

6npOBaHIieM KOOp,H,HHaTHbIX OCeft) KOMnOHeHTbl pHMaHOBOH MeTpHKH yMHO>KaiOTCH 

Ha KOHCTaHTBi , a noTOMy nojiyneHHaa noBepxHOCTb JiOKajibHO no/ipGim hcxo,h,hoh, c 
coxpaHeHHeM ceMeftcTBa MepimiiaHOB. IIpH KjiaccH<pHKau,HH mctphk (5) c tohho- 

CTBK) ^,0 H30MeTpHH (cOOTBCTCTBeHHO JIOKajIbHOH H30MCTpHH, nO^I,o6HH, JIOKajIbHOrO 

no,n,o6HH), coxpaHHiomeft ceMeiiCTBO Mepn^naHOB, nojiHbiM iiHBapnaHTOM hbjihctch 
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Ha6op napaMeTpoB (p,c,d) (cooTBeTCTBeHHO (c,d), (/i, 0), 0), a ocTajit.Ht.ie napa- 
MeTpbi Hecytu,ecTBeHHH jj,jih KjiaccHcpHKatntn. Kjiacc npoeKTHBHOii (cooTBeTCTBeHHO 
jiOKajibHoii npoeKTHBHOii) /ntcpcpeoMopcpHOCTH noBepxHOCTH (5) Bnojme onpejj,ejiH- 
eTca napaMeTpoM /i>Oh 3tiaKOM sgn d (cooTBeTCTBeHHO 3tiaKOM sgn d) . CBOftcTBa 
npoeKTHBHO SKBHBajieHTHbix MeTptiK HCCjiejj,yK)TC!i, HanpHMep, b [33]. 

2.3. YpaBHeHHH op6HT flBHJKeHHa tohkh no noBepxHOCTH BepTpaHa b 
none 3aMbiKaK>LU,ero noTemjiiajia. BbinnnieM b hbhom BH/ie ypaBHeHHH Heoco- 
6mx op6ht ^BHJKeHHH tohkh no noBepxHOCTHM BepTpaHa (5) (T.e. (2) h (4)). 

IIoBepxHOCTb nepBoro Tuna, f(r) — £f c (r), Heoco6an op6nTa 9 — 9 c0 (r((p)) pjlsl 
rpaBHTau,HOHHoro noTeHiiHana V(r) = V c ,o,i(r) = —A\6\ + B npn A > 0: 



= ( 1 + v 1 + 2 IS sin(e( ^ - ^ o)) J ' $ = 2?r/e 



IIoBepxHOCTb nepBoro Ttina, f(r) = £f c (r), Heoco6aa op6nTa 9 = 9 c0 (r((p)) jijih 

a 

20 2 



ociiHjijiHTopHoro noTemiHajia V(r) = V c . 0.2(f) = -wm + B n P H A > 0: 




AK 2 \ 



IIoBepxHOCTt. BToporo Tuna, f(r) — f c d(r)/iJi,, Heoco6aa op6nTa 9 — 9 C( i(r(tp)) pjisl 

A 
20 2 



ocn,njijiHTopHoro noTeHiinajia V(r) — V c .d.2(r) = Jr^ + B npn (# 4 + d)A > 0: 




(A- n 2 K 2 d) sin \2 V ^° j j , $ = irp. 

3Aecb E = {r 2 + f 2 (r)ip 2 )/2 + V(r) = K 2 (p 4 (d9 / dip) 2 + l// 2 (r))/2 + V(r) - 
KOHCTaHTa nojiHoii SHeprnn, K ^ — HHTerpan KHHeTHnecKoro MOMeHTa, E\ = 
E — B — p 2 K 2 c/2, c, d £ R, £ = p — nojio>KHTejibHoe paunoHajibHoe hhcjio, 
onpejj,ejiHeMoe MeTpnKoii (cm. (1), (2), (4)), $ — MHHHMajit.Ht.in nojiojKHTejibHbiii 
nepnojj, nepno/iHHecKHx cpyHKn,HH r (<£>), otjihhhhx ot KOHCTaHT. 

2.4. 06o6m,eHHe TexHmecKofi TeopeMti 2 BepTpaHa. 06o6ui l eHHUM ce- 
MeucmeoM ypaeHenuu Bepmpana Ha30BeM ojTHonapaMeTpnHecKoe ceMeiicTBO jTHcp- 
(pepeHn,HajibHbix ypaBHeHHH j-§ + p(z) — -^^{z) Ha HHTepB ajie (a, b) C M 1 c 
napaMeTpoM K € R \ {0}, r,ne ^(z) h p(z) — (pyHKiinn Kjiacca C°°, onpe/iejieHHbic 
Ha HHTepB ajre (a,b). Cjie/iyioiHee onpe/iejieHHe aHajiornHHO onpe/iejieHnio 2. 

OnPEflEJiEHHE 3. QyHKHHio = *$>{z) Ha HHTepB ajre (a,b) 6yneM Ha3biBaTb 
3aMUKaK>ui,eu 3am diynKi^uu p = p(z) (hjih p-aaM/UKawm&ii) , ecjin 

(3) cymecTByeT 3HaHeHne napaMeTpa K = K G M\{0}, npn kotopom ypaBHeHne 

HMeeT orpaHHHeHHoe HenocTOHHHoe peineHHe z — z{ip); 
(V) Bee orpaHHHeHHbie HenocTOHHHbie penteHHH z = z((p) ypaBHeHHH co BceB03- 
mojkhhmh 3HaneHHHMH napaMeTpa K hbjihiotch nepnojxHHecKHMH (pyHKn,n- 
hmh c nonapHO coH3MepnMbiMH nepno,n,aMH. 
OyHKti,Hio ty(z) 6yjj,eM Ha3biBaTb AOKajibHO 3aMUKatoiu,eu djisi ifiyHKi^uu p{z) (hjih 
jioKdJitHo p-3tiMUKafoiit,eu), ecjin 
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(3) loc cym,ecTByeT 3HaneHHe napaMeTpa K — Kq, npn kotopom ypaBHeHne HMeeT 
HeBbipmK^eHHoe ycTOHHHBoe nojioxMHHe paBHOBecnH zq £ (a, b); 

(V) loc h,jih jiio6oh napbi (Kq,zq) £ (K \ {0}) x (a, b), ynpBjieTBopHioiHeH ycjiOBHio 
(3) loc , cym,ecTByiOT e, 5 > 0, TaKiie hto Bee orpaHHneHHbie HenocTOHHHbie 
peineHHH z = z(ip) ypaBHeHHH co 3HaHeHHHMH napaMeTpa K £ (Kq — 5, Kq + 
5), TaKiie hto ^(IR 1 ) C [zq — e, zq+e], hbjihiotch nepnoniiHecKHMH cpyHKniiHMH 
c nonapHO con3MepHMbiMH nepnonaMH. 

QyHKnnio ^B(z) 6yn,eM Ha3biBaTb noAyAOKaAbno saMUKatou^eu 3am qiynKup.u p(z) 
(hjih TiojiyjioKCLAbHO p-3aMUKamui,eu) , ecjin BbinojiHeHbi ycjiOBHH (3), (V) loc h cjie- 
nyioinee ycjiOBne: 

^y-js-ioc BCe or p aHHHeHHbie HenocTOHHHbie peineHHH z — z(ip) ypaBHeHHH npn K = 
K, TaKHe hto ^(IR 1 ) C ^(IR 1 ). hbjihkitch nepHoniiHecKHMH cpyHKniiHMH c no- 
napHO coH3MepHMbiMH nepnonaMH, rn,e K h z — z(ip) - 3HaneHHe napaMeTpa 
h penieHne H3 (3). 

QyHKnino ^(z) Ha30BeM cuAbno (cooTBeTCTBeHHO cAa6o) p-saMUKawineu, ecjin jiio- 

6aH TOHKa Zq £ (a,b) HBJIHeTCH HeBbipOHCHeHHblM yCTOHHHBbIM (cOOTBeTCTBeHHO 
yCTOHHHBbIM) nOJIO)KeHHeM paBHOBeCHH ypaBHeHHH npH HeKOTOpOM K = Kq, 3aBH- 

CHineM ot zq , h BbinojiHeHO ycjiOBne (V) loc (cooTBeTCTBeHHO ero aHajior h,jih bchkoh 
napbi (Kq, zq) £ (M \ {0}) x (a, b), TaKoit hto zq — ycTOHHHBoe nojio»ceHHe paBHO- 
BecHH ypaBHeHHH npn K — Kq). 

,I[oKa3aTejibCTBa TeopeM 5, 6, 7 ocHOBaHbi Ha cnenyioineM o6o6meHHH TexHnne- 
ckoh TeopeMbi 2 BepTpaHa, nyreM 3aMeH z(r) — £ = — 0(r) = — p 2 9{r), rne 0'(r) = 



l// 2 (r), p(z(r)) = f'(r)/f(r), = f 2 (r)V'(r) = -dV(r(z))/dz, D = fi 8 d. 



Teopema 8 (Obobiuehhah TEXHHHECKAH TEOPEMA BEPTPAHA). PacCMOlJl- 
puM odnonapaMempuuecKoe ceMeucmeo dutfiqiepenupaAbHUX ypaenenuu ^s+p( z ) = 
■^2^(z) na unmepeaAe (a,b) C R 1 c napaMempoM K £ R \ {0}, zde ^ = ^(z) u 
p = p(z) — a c iyHKV ) uu KAacca C°° , onpedeAennue na unmepeaAe (a, b). Ecau 4" ne- 
AMemcM noAyAOKaAbHO p-3aMUKatoui,eu (uau psaMtiKawuifiu uau cuavho uau CAa6o 
p-3aMUKatoui,eu) , mo ona sieAsiemcsi AOKaAbno p-3aMUKatmu,eu. 

Ilycmb (fjynK'nuM p ne UMeem nyAeil na unmepeaAe (a,b). Tozda e unmepeaAe 
(a, b) KAaccu aaMUKawu^ux, noAyAOKaAtno saMUKamu^ux, AOKaAt>no 3aMviKaK>uj,ux, 
cuawo saMUKamuijUX u CAa6o aaMUKamu^ux 3asi p qiynKUjUU 4 coenadawm, npuneM 
cymficmeyem ne 6oAee deyx saMUKawu^ux (pynKi^uu ^(z) c moHnocmtw do noAO- 
MCumeAtnou MyAt>munAUKamuenou Koncmanmu u 3mu ifiynKi^uu onpedeAMtomcM 
CAedywu^uMU ycAoeuMMu: 

(a) ecAU p'\( a: b) = const > 0, mo cyuificmeytom poeno dee (c mounocm-bK) do 
noAOOKumeAtiHOU MyAbmunAUKamuenou Koncmanrnti) p—aaMUKawu^ue q^ymzu^uu 
4 na (a,b), a uMenno ^i(z) — Ai/p l ~ 1 (z), i = 1,2 (m.e. q^ynKuuu, omeeua- 
wu^ue o6o6uj,ennoMy zpaeumau^uonnoMy u ocyuAJisvmopnoMy sanonaM cua na co- 
omeemcmeytouifiu noeepxnocmu epawpnusi) , zde Ai =/= — npou3eoAt>Hasi MyAb- 
munAUKamuenasi Koncmanma, maKasi umo A i p l (z) > 0, npuneM MunuMaAbnuu 
noAODKumeAbHuu nepuod am6ozo ozpanuueHHOzo nenocmosmnozo peuienusi paeen 
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(b) ec/m /c|( a .fc) sieAsiemcsi pauponaAbHou qjyHKupeu euda p(z) — * 2 ( z _^3 , zde 
D = const 7^ 0, /i = const > 0, £ = const ^ (ci,b), mo cyuificmeyem edim- 
cmeeHHaM (c moHHoemtw do noAoatcumeAtHou MyAbmunAUKamuenou KOHcman- 
mu) p— saMUKawuifisi, gjyHKiiufi na (a,b) : ^(z) = ^(z) = ( z -<;) 3 ( m - e - omee ~ 
nawmp,si ocv,UAAMmopHOMy 3aKony cua na coomeemcmeywuifiu noeepxnocmu epa- 
utfinusi), zde A ^ — npouaeoA-bnasi MyAbmunAUKamuenasi KOHcmanma, maKasi 
nmo A((z — £) 4 + D) > 0, npuneM MUHUMaAhnuu noAooKumeAbnuu nepuod aw6oso 
ozpanuneHHOzo Henocmosmnozo pemenusi paeen $ = 7r/i; 

(c) ecAU p(z) ne UMeem hu odnozo U3 yKa3auHux eume eudoe, mo we cyuificmey- 
em p—aaMUKawinux gjyHKi^uti na (a,b). 

B CAynaMX (a) u (b) KaotcdaM mourn z £ (a, b) sieAsiemcsi HeeupootcdeHmiM 
ycmouHueuM noAomcenueM paenoeecuM ypaenenuji npu K = Ki := ±\/ ' Aij p %% (z), 

i = 1, 2 (e CAyuae (a) ) u K = ±p^J~^- _^ i+D (e CAyuae (b) ), a npu dpyzux 3Haue- 
humx napaMempa K ne sieAsiemcsi noAOOHzenueM paenoeecusi. 

Otmcthm, hto b TeopeMe 8 (b OTjinnne ot TeopeMbi 2) He Tpe6yeTCH aHajiHTnn- 
hoctb cbyHKnnn ^ i(z) h p(z) , a nocTOHHHaa /i > He o6a3aHa 6biTb pannoHajibHon 
(nocKOjibKy b Hen He Tpe6yeTCH, HTo6bi Bee nepno/nj 6bijih coH3MepHMbi c 27r, a 
Tpe6yeTCH jinnib nonapHaa con3MepnMOCTb nepno/ipB, KaK b saMenaHnn 1). 



§ 3. HacTHtiH cjiynaft: KOHyc 

CorjiacHO cjie^CTBnio 1, TeopeMa 1 BepTpaHa o6o6inaeTCJi Ha ceMeiicTBO "pann- 
OHajibHbix" KOHycoB. IIpoHHe KOHycbi ("nppannoHajibHbie") He /ipnycKaiOT o6o6ine- 
HHe TeopeMbi BepTpaHa. IIohchhm, KaKyro pojib nrpaeT ycjiOBne pannoHajibHOCTn 
KOHCTaHTbi £ b ycjiOBHH cjie/jCTBHJi 1. PaccMOTpHM KOHCTpy khhio , onHcaHHyro nocjie 
TeopeMbi 5: pa3pejKeM KOHyc S no o6pa3yK>inen h pa3BepHeM. IIojiyHHM hckoto- 
pbift ceKTop Ha eBKjiH^OBOft njiocKOCTH. 3aMeTHM, hto yroji npn BepniHHe (paB- 
Hbift 27r£) MO»ceT 6biTb h 6ojibnie 2ir, b stom cjiynae KOHyc He bjiojkhtch b M 3 KaK 
noBepxHOCTb BpameHHH, ho cjie/jCTBne 1 ocTaHeTCH BepHbiM. ,II,ajiee paccMOTpHM 
noBepxHOCTb S, HBjisnoinyiocH o,n,HOBpeMeHHO pa3BeTBjieHHbiM HaKpbiTneM KOHyca 
S h pa3BeTBjieHHbiM HaKpbiTneM eBKjiH,n,OBOH njiocKOCTH, iyje KOjinnecTBO jihctob 

JIKl6orO H3 HaKpblTHH MHHHMajIbHO B03MO>KHOe. IlOBepXHOCTb S MOJKHO nOCTpOHTb 

cjie^yioni,HM o6pa30M. Byn,eM HaKjia,n,biBaTb Ha njiocKOCTb ceKTopa, nojiyHeHHbic 
pa3BopoTOM pa3pe3aHHoro no o6pa3yioni,eH KOHyca, Ka>K^,biii cjie/ryiomHH noBopa- 
HHBaH TaK, HTo6bi 6eper Ka>K,n,oro cjie,ii,yioni,ero ceKTopa coBnaji c npoTHBonojio>K- 
hmm 6eperoM npe,n,bi,ii,ym,ero. TaKHM o6pa30M nojiy^HM pa3BeTBjieHHoe HaKpbiTne 
S — > M. 2 Ha,n, njiocKOCTbio. IIpn stom, ecjin KOHyc 6biji "pau,HOHajieH", T.e. yroji 
npn BepniHHe 6hji con3MepHM c 2tt (hhmmh cjiOBaMn, ( € Q, o6o3Ha x iHM ^ = |), 
to nepe3 q niaroB nocTpoeHna S 6eper onepe^Horo ceKTopa coBna,n,eT c 6eperoM 
nepBoro ceKTopa; b stom cjiynae npeKpaTHM npouecc nocTpoeHHH S h HaKpbiTne 
S — > M 2 6y,n,eT p~ jihcthmm. B npoTHBHOM cjiynae 6epera pa3Hbix ceKTopoB hhko- 
r,n,a He coBna/ryT n HaKpbiTne 6y,n,eT 6ecKOHe x iHOjiHCTHbiM. 3aMom,eHHaH njiocKOCTb 
n o6pa3 TpaeKTopnn ,n,BH>KeHHH tohkh no noBepxHOCTH S H3o6pa»ceHbi Ha pnc. 3. 

TaKHM o6pa30M. noBepxHOCTb S HaKpbiBaeT ncxo,n,HbiH KOHyc q— jihctho, ecjin 
£ paunoHajibHO n paBHO £ ; 6ecKOHeHHOjincTHO b npoTHBHOM cjiynae. HaKpbiTne 



OBOBIIPEHHE TEOPEMBI BEPTPAHA HA nOBEPXHOCTH BPAIIPEHHH 25 




Phc. 3. 06pa3 TpaeKTopiiii flBiisceHHa no KOHycy Ha 3aMOineHHoit iijiocko- 
cth; £ = 1/6. 

ctpohtch ecTecTBeHHbiM o6pa30M: ero jihcteimh 6yiryT ceKTopa, H3 KOTopbrx cocTaB- 
jieHa noBepxHOCTb S; Ka^K^bin TaKon ceKTop — pa3BepTKa KOHyca, nosTOMy mojkho 
onpe,n,ejiHTb OTo6pa»ceHHe S — > S, nepeBO/ynnee b TOHKy c KOop/nmaTaMn (r, ip) Ha 
KOHyce Bee totkh noBepxHOCTH S, HMeKJinne Te me KOop/nmaTbi Ha tom ceKTope, 
KOTopoiviy npnHa/rjiescaT. HarjiH/rHO sto mtokct 6biTb npe/jCTaBjieHO cjie/ryioiHHM 
o6pa30M. Bo3bMeM ceKTopa, nojiyneHHbie pa3BopaHHBaHneM pa3pe3aHHoro no 06- 
pa3yK>men KOHyca, n pacnojio>KHM hx Ha/; pa3BepTKoft KOHyca "APyr Ha,n, /rpyroM" 
— q 8K3eMnjiapoB, ecnn £ pannoHajibHO, cneTHoe MHOjjcecTBO b nporaBHOM cjiynae; 
npoTHBoncwiCMKHbie Kpaa jiejKainnx ppyr Ha^n, /rpyroM ceKTopoB CHHTaiOTCH CKjieeH- 

HblMH. ToHKH 3THX CeKTOpOB — 3TO TOHKH nOBepXHOCTH S", OTo6pa»CeHHe S — > S 

sa^aeTCH ecTecTBeHHOft npoeKniieft. 06pa3 TpaeKTopnn ^bh^kchhh no KOHycy Ha no- 
BepxHOCTH S, npe^CTaBjieHHOft KaK noacHeHO Bbinie, npo^eMOHCTpnpoBaH Ha pnc. 4. 
Ha pnc. 5 npnBe/jeH npHMep 3aMKHyToft TpaeKTopnn Ha "pannoHajibHOM" KOHyce, 
bh^ CBepxy. 

§ 4. ^OKaaaTejitCTBO o6o6in,eHHOH TexHHMecKofi TeopeMti 8 BepTpaHa 

06o6m,eHHoe ypaBHeHne BepTpaHa HMeeT bh,h, z 1 ' — —17' (2), iyje U(z) := J (p(z)— 
^{z) / K 2 )dz. IIosTOMy ero penieHHH yzjOBjieTBopaiOT 3aKOHy coxpaHeHna SHeprnn 
(z') 2 /2 + U(z) —: E, a noTOMy oho mojkbt 6biTb CBe/jeHO k ypaBHemiio nepBoro 
nopH,n,Ka (z') 2 = 2E — 2U, iyje E — KOHCTaHTa (Ha3biBaeMaa ypoBHeM SHeprnn b 
o6o6m,eHHOH 3a/i,aHe BepTpaHa), 3aBHC5nuaH ot peineHna, T.e. k ypaBHeHnio 



{z' f = R(z) + kW{z) + 2E = 2E- 2U x (z), 
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Phc. 4. 06pa3 TpaeKTopiin flBHxeHHa no KOHycy Ha noBepxHOCTH 5*, npefl- 
CTaBJieHHOH o6 r beflHHeHHeM ceKTopoB, pacnojio>KeHHbix "flpyr Hafl ,npyroM" 
Ha njiocKOCTH (Ha Ka>KflOM ceKTope cbos flyra TpaeKTopHn); £ = 5/6. 

r A e R{z) := -2 / p(z)dz, x := 2/K 2 , W{z) := J V(z)dz, U„{z) := ~{R{z) + 
xW{z))/2. BejiHHHHa K 2 E coBira/jaeT c ypoeneM dnepzuu (cm. §2.3), a (pyHKinra 
K 2 U >c {z) — c xfiffieKmueHUM nomeHuuajiOM (cm. onpe/jejiemie 1(a)) b 3&p@ne o 
/jBioKeHHii tohkh no noBepxHOCTH S b ueHTpajibHOM nojie c noTeHiniajiOM V = V(r). 

IlpoK/je Bcero /jOKajKEM Tpn BcnoMoraTejibHbix yTBep»c,n,eHiiH o CBOftcTBax pe- 
ineHHH ^H(p(pepeHLi,HajibHoro ypaBHeHiia z 1 ' = —U'(z), rp/e U = U(z) - rjia/jKaa 
cpyHKu,HH Ha iiHTepBajie (a, b). 

IIPEflJiOKEHHE 1. Ecau (f>yHKii ) uM z — z((p) sieAsiemcsi peuienueM ypaenenuM 
z'^ = —U'(z) u z'((po) = 0, mo zpatpuK ifiyHKV i uu z = z(tf) cuMMiempunen orrmo- 
cumeAVHO npsiMoil {if — tfo}, uhumu caogclmu z[ip) = z(if) :— z(tpo — (ip — ipo)). 

^OKASATEJlbCTBO. To, hto cpyHKuira z(ip) y^OBjieTBopaeT ypaBHemiio z'^ v = 
— U'(z), ^,OKa3biBaeTCH npHMOii no^CTaHOBKOii. A nocKOjibKy z(ipo) = z(tfo) h 
z'ifo) = ^'(Vo); TO peineHHH z(tp) h z((p) coBim/jaiOT. YTBepjK^eHHe ,n,OKa3aHO. 

IIPEflJiO>KEHHE 2. Ilycmb a < a' < b' < b u E' £ R. Tozda CAedywu^ue ycAoeusi 
paenocuAbHu: 

(a) cyu^ecmeyem ozpanuueHHoe pemenue z((p) ypaenenuM z'' — —U'(z) c ypoe- 
neM 3nepguu E, maKoe umo a 1 = inf z(M 1 ), b 1 = supz(IR 1 ); 

(b) U(a>) = U(b>) =E' u U\ WJbf) < E'. 

Ecau z £ {a', 6'} u euna/meno ycAoeue (a), mo coomHouienusi U'(z) ^ u 
z € ^(IR 1 ) paenocuAtHU. 
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Phc. 5. 3aniKHyTaa Tpaeieropiia Ha panHOHajiBHOM KOHyce; £ = 1/8. 

IlPEflJlCOKEHHE 3. Ilycmb a < a' < b' < b, U(a') = U(b') = E' , ?7|(o',6') < E', 
Eq := min C/| [«' ,6'] • Togda cAedywzu/ue ycAoeuM paenocujitHu: 

(a) 3am mo6ozo E G (Eq,E'] jiw6oe ozpamiHeHHoe petuenue ze{^p) ypaenenusi 
z'l^ — —U'(z) c ypoeneM snepzuu E, manoe umo Ze(0) G (a', &'), nepuodunno; 

(b) cyui,ecmeyem ompe30K [ci,c 2 ] C (a',b'), manou umo U'\[ a >, Cl ) < 0, J7 / |[c 1 ,c 2 ] = 
0«l/'| M >0. 

Hpu eunoAHeuuu smux ycuioeuu MunuMOAbnuu natiooKumeAbnuu nepuod pe- 
menua ze{<p) paeen 

r Z2( - E) dz 

*(E) = 2 -. (7) 

J Zl( E) ^/2E-2U(z)' 

zde 3HaueHusi z\ = Z\{E) G [a',c\) u z^ = Z2(E) G {c2,b'\ onpedejienu ycjioeusiMu 
U(zi) — U{z2) = E. @yHKv,uM <f> = &(E) nenpepueua Ha nojiyuHmepecuie {Eq,E']. 
Ecjiu U"(c\) = 0, mo 

lim $(E) = oo. (8) 

E — ^Eq 
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^OKA3ATEJIbCTBO nPEflJlTOKEHHH 2 H 3. ZZ/ag i. IIpe,zniOJIOJKHM , HTO BbHIOJI- 

h6ho KaKoe-jin6o H3 ycjiobhh (a) h (b) npe/jjicoKeHira 2. Tor^a cymecTByeT TOHKa 
zq G (a',b'), TaKaa hto U(zq) < E' . OiiKCiipyeM jiio6oe hhcjio E G (U(zq), E']. 
IlycTb z(ip) - jiOKajibHoe penieHHe jiTicpcbepeHHiiajibHoro ypaBHeHHH z 1 ' = —U'(z), 
TaKoe hto z(0) = zq, z'(0) = \JlE — 2U (z~q). Tor^a ypoBeHb SHeprnn Ha penieHHH 
z(ip) paBeH E. IlycTb (21,22) ^= (o.,b) - MaKCHMajibHbiii HHTepBaji no BKjnoneHHio , 
cqzjepacaiHHft TOHKy zq, Ha kotopom U(z) < E. Toiyja penieHne z((p) mokct 6biTb 
npo,n,oji>KeHO Ha HHTepBaji (^1,^2) (c noMombKi 3aKOHa coxpaHeHHH SHeprnn), iyje 
tfi := J" a J — ^=== =, i = 1,2. OTCio/ja cjie/ryeT, hto npn BbinojiHeHHH KaKoro-jin6o 

H3 ycjiOBHft (a) h (b) npe^jicwKeHHii 2 HHTepBaji {a! ,b') cojj,ep>KHT MaKCHMajibHbiH 

nO BKJIKJHeHHIO HHTepBaji, CO/jepjKaiHHH TOHKy Zq, Ha KOTOpOM U(z) < E' . 3HaHHT, 

(z!,z 2 ) C (a',b') (b CHjiy E < E>). 

IIoKajKeM, hto penieHHe z(ip) orpaHHneHO h z(M 1 ) C [21,22] (t.c 21 = inf ^(IR 1 ) 
h Z2 — supz(]R 1 )). (OTCK>jj,a cjiejj,yeT paBHOCHjibHOCTb ycjiOBHii (a) h (b) npejr- 
jio>KeHH5i 2.) Ecjih ip 1 = — 00 h ^2 — oo , to Tpe6yeMoe yTBep»cjj,eHHe ohcbhjj,- 
ho, TaK KaK nocTpoeHHoe penieHHe onpe/jejieHO Ha BceM 1R 1 h 2(]R 1 ) = (21,22) 
(a noTOMy penieHHe HenepHOjxiiHHo) . OcTajiocb paccMOTpeTb cjiynaii, KOiyja jijih 
HeKOToporo % € {1,2} BbinojmeHO \pi\ < 00. B stom cjrynae b cnjiy BKjnoHeHHH 
(21,22) Q W ,b'] C (a, b) penieHHe moket 6biTb npo/ipjKKeHO b TOHKy <p,;, OTKyn,a 
z(tpi) = Zi, U(zi) — En z'{(pi) = 0. Ecjih (pi = —00 h ip 2 < +00, to b cany 
npe/yiosceHHH 1 penieHHe orpaHHneHO h 2(IR 1 ) = z{{— 00, ip2\) — (21,22] ( a noTO- 
My penieHHe HenepHOjxiiHHo) . AHajiorHHHO noKa3biBaeTCH, hto ecjin ip% > — 00 h 
<y52 = +00, to penieHHe orpamneHO h 2(]R 1 ) = z([ipi,oo)) = [21,22) (a noTOMy 
penieHHe HenepHOiXHHHo) , a b cjiynae ipi > — 00 h (p 2 < +00 penieHHe nepHO/niHHO 
h 2(IR 1 ) = z([ipi,ip 2 ]) — [21,22], npHneM MHHHMajibHbiH nojio>KHTejibHbiH nepn- 
oji, paBeH $ = 2 J^ 2 / 2 E2u X) ' ^ aKHM °6p a3 ° M , penieHHe Bceiyja orpaHHneHO h 
2(IR 1 ) C [21,22], hto h Tpe6oBajiocb. 

jHoKaaceM, hto ji,jih jno6oro i G {1,2} cooTHonieHiis U'(zi) / h z; £ 2(IR 1 ) 
paBHOCHjibHbi. IlycTb ji,jih onpeji,ejieHHOCTH i = 2. IIpejTnojiojKHM, hto U'^z^) = 0, 
T.e. TOHKa z 2 HBjiHeTCH nojio»ceHHeM paBHOBecHH. Ecjih 22 G 2QR ) (t.c <p 2 < 00, 
cm. Bbinie), to 06a penieHHH z(ip) h z%(ip) = 22 y^OBjieTBopaiOT oji,hoh CHCTeMe 
HanajibHbix ycjiOBHii 2(^2) = 22, z'(ip2) = 0, a noTOMy coBnaji,aiOT, hto npoTHBope- 
hht ycjiOBHio 21 < 22- npe/oiojiOHCHM Tenepb, hto U'{z2) 7^ 0. Torji,a f |[ Z0)Z2 ](.s) ^ 
E — 0(22 — z) flJiH HeKOToporo c > 0, OTKyji,a ip% ^ (22 — zq)\J2/c < 00, a noTOMy 
2 2 G 2(M ) (cm. Bbinie). Ilpeji,jio>KeHHe 2 nojiHOCTbio ji,OKa3aHO. 

Ulaz 2. Ecjih BbinojmeHO ycjiOBne (b) npeji,jio>KeHH!i 3, to U'(zi) U' (Z2) 7^ 

0, a 3HanHT, no npe;i,jia»ceHHio 2 o6pa3 2(]R : ) penieHHH z(ip) hbjihctch OTpe3KOM, 
OTKyji,a penieHHe nepHO/n-iHHO (cm. mar 1). OTCioji,a h h3 npeji,jio>KeHHH 2 cnepyeT, 
hto ycjiOBne (b) npeji,jio>KeHHH 3 BjieneT ycjiOBne (a) npeji,jio>KeHHH 3. 

Ulaz 3. IIpeji,nojio>KHM, hto BbinojiHeHO ycjiOBne (a) npe,a,jio>KeHHH 3. Tax KaK 
a' < b' h U(a!) = U(b'), to MHO»cecTBO A := {z G (a', b') \ U'(z) = 0} HenycTO. 
06o3HanHM E* := supC/1,4, B := {2 G [a', b'] \ U(z) E 1 *}, c\ := inf i?, c 2 := supS. 
Torji,a 



[/'|[„', C1 ) < 0. C/'I( C2 , 6 '] > 0, E Q ^U\ [CUC2] ^U( Cl ) = U(c 2 ) = E* <E'. (9) 
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iIpe,n,nojio>KHM, hto U{[ci 1 C2\) 7^ E* . Toiyja c\ < ci h, b cmiy (9), HaiifleTCH: hh- 
TepBaji (z*,z%) C (ci,c 2 ), TaKoii hto C/|( 2 «, z j) < E* , U(z*) = [/(zj) = E * H 
o/hih 113 kohuob z* {i G {1, 2}) SToro HHTepBajia npHHa^jie^KHT A (r.e. BbinojiHeHO 
U'(z*) = 0). IlycTB Tenept z*(ip) - orpaHiineHHoe peineHHe c ypoBHeM SHeprrai E* , 
OTBenaromee HHTepBajiy (z^z^) corjiacHO npe,n,jio>KeHHK) 2. TaK KaK 3to peineHHe 
orpaHHHeHO , oho HBjraeTCH nepno^HHecKHM b cnjiy ycjiOBHH (a) npe,n,jio>KeHH!i 3, ot- 
Kyn,a z*(IR 1 ) = [z*, z%\ (cm. mar 1). OTCio/ja U'{z*) ^ corjiacHO npe,n,jio:>KeHHio 2. 
IIojiyHeHHoe npoTHBopeHne noKa3biBaeT, hto C/|[ Cl . C2 ] = E* = Eq, T.e. BbinojiHeHO 
ycjiOBne (b) npe/jjioxeHiiH 3. 

Ulaz 4- iIpe,a,nojio>KHM, hto BbinojiHeHO KaKoe-jin6o H3 ycjiOBnii (a) h (b) npe/i,- 
jio»ceHHH 3. OopMyjia (7) .upKasaira Ha niare 1. ,U,OKa>KeM (8). IlycTb U"{ci) = 0. 
Toiyja pjisi jiio6oro z <E [c\ — e, c\] BbinojiHeHO Eq ^ U{z) ^ Eq + c(c\ — z) 3 rjisl 
HeKOToporo c> 0. C>TCio,n,a ${E) ^ J^-^e-Eo)/^ 1 / 3 ^2E-2E ~^ +°° npH ^ ~^ E °> 
Eq < E ^ E' . iIpe,n,jio>KeHHe 3 nojmocTbio ,n,OKa3aHO. 

IIPEflJIOJKEHHE 4 (JlOKAJlbHAfl OBOBIUEHHAH TEXHHHECKAH TEOPEMA BEP- 
TPAHA). Ilycmb $ = ^(z), p = p(z) — C°° -zjiadnue qiynKu^uu na (a, b). 

(A) Ilycmb p(zq) ^ 3asi neKomopozo zq € (a, &). Ilycmb monna zq sieAsiemcsi 
neeupocucdeHHUM ycmounueuM noAOOKenueM paenoeecusi o6o6m t ennozo ypaenenusi 
Eepmpana npu K = K > 0, m.e. K% = fgi > u p'(z ) - $g*'(*b) > 0. 
IIpednojioMcuM, umo napa (zq,Kq) ydoeAemeopsiem ycjioemo (V) loc u3 onpedeAenusi 
3. Tozda cyuificmeywm Eq, ft > 0, manue umo (f>ynKU,uu ^> up na [zq — Sq, zq + Sq] 
ydoeAemeopsitom coomnouienusiM 

3*"* = 4(*') 2 , *P' - *V = P 2 ^- (10) 

(B) Ilycmb eunoAHenu coomnouienusi (10) na npoMeotcyrriKe I C (a, 6). Ilycmb 
HeKomopasi moHKa zq £ I siejisiemcsi nojiomcenueM paenoeecuM o6o6iu,eHHogo ypae- 
Henusi Eepmpana na (a, 6) npu nenomopoM K = Kq =/= 0, u {z^} C J. Tozda e npo- 
Meafcymne I eunoAHenu momcdecmea ^(z) — Ai{z — C) 1 1 u /°( z ) = /3 2 ^?|~gy^ , 
g^e i € {1,2}, ^4i,Z?,C — HeKomopue Koncmanrnti, mame umo D = npu i = 1, 
z — ( 7^ 0, (z — C)^i > 0, ((z — C) 4 + D)A 2 > npu aw6om z € I. Hpu smoM Aw6an 
moHKa z G / sieAsiemcsi neeupoatcdenHUM ycmouuueuM noAootcenueM paenoeecun 

o6o6ui s ennozo ypaenenusi Eepmpana npu K = ± <J ; ece ozpanuuennue neno- 
cmosmwbie peuienusi z — z(ip) o6o6uifinnozo ypaenenusi Eepmpana na I npu eceeo3- 
MOQfcnux anauenusi napaMempa K sieAsmomcsi nepuoduuecKUMU c MunuMaAbnuM 
noAoofcumeAbnuM nepuodoM $ = 2ir/(3. 

^OKASATEJlbCTBO. Ulaz 1. 06o3HaHHM k := -^2, kq := , E := Ux (zo). 
ToHKa zq € (a, b) HBjraeTCii HeBbipo>K,ii,eHHbiM ycTOHHHBbiM nojio»ceHHeM paBHO- 
BecHH ypaBHeHHH z''(tp) = —U'^iz) npii h = xq Tor,n,a h tojibko Tor,n,a, ko- 
r A a U'^zq) = h K {z ) > 0. nosTOMy -2U' Hq {zq) = R'(z ) + x W'{z ) = 
-2p(z ) + ^{zq) = (oT K y A a *(z ) + bb W p{z ) ± 0) h -2C/^(z ) = 

i?"(z ) + ^o^"(z ) = -2p'(z ) + 20±V{zq) < 0. 

Bbi6epeM ctojib Majibie e, S > 0, ynpBjieTBopaiomiie ycjiOBHK) (V) loc H3 onpe,n,e- 
jieHHfl 3 AJiH napbi (z ,K ), hto E/^|[ ?0 _ e ^ 0+e] > h Bo.e,^ < npn if = 
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y/2/if G [-Ko — ^,-^0 + r A e o6o3HaHeHO ^ := min{[/ >f (zo — e),U x (za + e)}, 
Eo,s,x '■= m i n ^x|[z -£,z +e]- A™ Jno6on napti (J5, x), Taxon hto 

X = G [tf - 5, X + «], S G (£ 0i£)J£ , £' ], (11) 



paccMOTpHM orpaHHHeHHoe pemeHne z^ ^i^p) ypaBHeroiH z'' = —U' x (z) c ypoBHeM 
SHeprnn E, TaKoe hto -zb.^M 1 ) C [z q — e, z + e\. Oho cymecTByeT b cnjiy npe/i,- 
jiTOKeHHH 2 h HBjiaeTCH nepno/ninecKHM b cnjiy ycjiOBHH (V) loc H3 onpe/jejieHns 3. 
3anHineM no npe,n,jio>KeHHK> 3 3HaHeHne <&(E, x) MiiHiiMajibHoro nojioscnTejibHoro 
nepno/ja SToro pemeHna: 



= 2 f 

Jzi 



(12) 

{b,x) V R ( Z ) + *W(z) + 2E 



iyje HHTerpnpoBaHHe npoBO/niTCH no OTpe3Ky Mexfly .znjyMH HyjiHMH Z\ n z 2 3HaMe- 
HaTejiH (a noTOMy, corjiacHO npe/jjiosceHHio 2, z\ n z 2 hbjihiotch MHHHMyMOM n MaK- 
CHMyMOM nepno/ninecKoro penieHna ze = ze.^{^>) ypaBHemiH z'^ v (ip) — —U'^z)). 

Hcnojib3ya to, hto Z\ — Zi(E,n) n z 2 — z 2 {E,x) 3aHyjunoT 3HaMeHaTejib b 
npaBoit nacTH ypaBHeHna (12), Bbipa3HM nepe3 hhx KOHCTaHTti xi£m paccMOTpnM 
nojiyHeHHbie BbipasceHHH Ha MHO>KecTBe Bcex nap (z\ ,z 2 ) £ (a, b), Taxnx hto zq— e ^ 
z\ < z 2 ^ z + e: 

R(z 2 ) - R( Zl ) R(z 1 )W(z 2 )~R(z 2 )W(z 1 ) 

" (21 ' Z2) ■-w(z 1 )-w(z 2 y * E te>*)- w(zi) — w(z 2 ) • (13) 

,II,oonpe,a,ejiHM: 3th Bbipa>KeHHH Ha MHO»cecTBe nap {z\, z\) coBna/jaiomnx Hnceji co- 
OTHomennHMH x(z u zx) := = 2$£, 2£(js 1 ,z 1 ) := -i?(zi) + *$^W(zx). 

IIocKOjibKy W'(zo) = ^(zo) 7^ 0, to npn /ipcTaTOHHO MajiOM eo > cpyHKnnn (13) 
KoppeKTHO onpe/jejieHbi n HenpepbiBHbi no (zi, z 2 ) npn zq — Sq ^ Z\ z 2 ^ zq + eo- 
Cjie^OBaTejibHO, npn ^ocTaTOHHO MajiOM e > cooTBeTCTByromne 3HaHeHHH na- 
paMeTpa K = z ^ o6o6m,eHHoro ypaBHeHna BepTpaHa (fsfla BceB03MO>KHbrx 

nap ToneK z%,z 2 G [zq — £ 0l z + Sq], Taxnx hto Z\ < z 2 ) 6ynyT npHHa^jiexcaTb 
5-OKpecTHOCTH HHCjia \J Z[) -y = = ^0- OTCio^a cjie^yeT, hto ^jih jno6brx 

zi,z 2 G [z -£o, zq+Eq], TaKHXHTO z% < z 2 , napa (E, x) := (E(zi,z 2 ), x(zi,z 2 )) yup- 
BjieTBopaeT (11) (T.e. npnHa^jiejKHT o6jiacTH onpe^ejieHna (pyHKn,nn $ = <&(E, x) 
H3 (12)), n pjisi jik)6oh TaKoii napbi cpopMyjia (12) HMeeT bh^i, 

f Z2 dz 
3>(E{z 1 ,z 2 ),x(z 1 ,z 2 )) = 2 j= = = == == (14) 



Zl 



v/i?(z) + x( Zl , z 2 )W(z) + 2E( Zl ,z 2 ) 



Ulaz 2. IIojio>khm Tenepb z% — c—h, z 2 — c+h, z — c+ht, rp$ c G (zq—£q, zo+£o)) 
0</iCl. PacKjia^biBaa ,n,ajiee W n R b sthx TOHKax b pH,n,bi Tenjiopa no CTeneHHM 
nepeMeHHOii h n no,n,CTaBjiHH nx b (14) c yneTOM (13), nojiynaeM b npe,a,ejie npn 
h -> 0: 



$(E(c-h,c + h),x{c-h,c + h)) _ / 2W'(c) _^ 1 



ft^o 2tt y R'(c)W"(c) - W'(c)R"(c) P{c) 
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OTCio/ja nojiynaeM cjie/ryioinee cooTHOHieHiie b HHTepBajie (zo — s, zq + e): 

R"W' - R'W" = -2f3 2 W', (15) 

r A e o6o3HaHe H o /3 := /3(c), R' := R'(c), W := W'(c), R" := R"(c), W" := W"(c). 
IIo^CTaBjiHH b 3to cooTHOineHHe W' = ^ h R' = — 2p, nojiynaeM cooTHOineHHe 
typ' — ^' p = p 2 ^> b HHTepBajie (zq — e, zq + e), T.e. BTopoe cooTHonieHHe H3 (10). 

TaK KaK cpyHKH,HH (14) HBjiaeTCH HenpepbiBHOii b CBoeft o6jiacTH onpe/jejieHna 
(T.e. npn zq~Eq ^ z\ < z 2 z a +£ ) h Bee ee 3HaneHH5i nonapHO con3MepiiMbi BBnjxy 
ycjiOBHH (V) loc H3 onpejj,ejieHHH 3, to OHa nocTOHtma h paBHa CBoeMy npe/jejibHOMy 
3HaHeHHio, 2tt//3(zq). B nacTHOCTH, (pyHKu,HH /3 = /3(c) nocTOHHHa Ha HHTepBajie 
(z Q - e, z + e). 

Ulaz 3. Tenepb pa3jio>KHM HHTerpaji (14) no CTeneHHM h h paccMOTpiiM Koscp- 
(pHinieHT npn h 2 : 

7r /3 ■ R'W" - R'"W (R'W" - R'"W 
[ -{R m W' - R'W lv ) + — — | — + W' 

H3 paBeHCTB (15) n /3 = const nojiynaeM: 



(16) 



2/3 2 

R'W'" - R'"W = 2p 2 W"- R lv W'-R'W lv = -^{(W") 2 - 2W'W"). (17) 

HcnojiB3yH Bbipa»ceHHH (17), nojiynaeM, hto npn ycjiOBHH /3 = const KOScpcpnuneHT 
(16) npn h 2 b pa3jio>KeHHH HHTerpajia (14) 3aBncnT tojibko ot 3HaHeHHH (pyHKinin 
W n ee npoH3BO,n,HT>ix b TOHKe c n paBeH |r p(w') 2 [4(W") 2 — SW'W'"]. HpnpaBHHBaH 
ero k Hyjno n nojiaraa: W = nojiynaeM cjie/ryioinee cooTHonieHne b HHTepBajie 
(z Q - e, z + e): 

= 4(f) 2 , (18) 

T.e. nepBoe cooTHonieHne b (10). HacTt (A) npejj,jio>KeHHH 4 jj,OKa3aHa. 

Ulag 4- floKasceM nacTb (B) npejj,jio»ceHHH 4 o hbhom penieHnn cncTeMbi /n*} 5- 
(pepeHn,najibHHx ypaBHeHnii (10). TaK KaK TOHKa z € I HBjiHeTCH nojiosceHneM 
paBHOBecna, to ^(z ) 0. Hanjj,eM Bee rjia^ntne penieHnn ypaBHeHHH (18) b npo- 
Me»cyTKe J, TaKne hto ^(zq) ^ 0: sto penieHna ^i(z) — Ai(z — C) 1 1 > * = 1>2, 
r,n,e Ai^OiiC^I — KOHCTaHTbi. ^pyrnx rjiajTKnx penieHnn, onpe/jejieHHbix Ha 
npoMe>KyTKe / n ynpBjieTBopaioiHHx ycjiOBnio ^f(zo) ^ 0, hct, nocKOjibKy Hanajib- 
Hbie ycjiOBHii (\l/(zo), ^'(zo)) yKa3aHHbix Bbinie penieHnn o6pa3yiOT Bee MHOxecTBO 
M 2 \ ({0} x K), npnneM yKa3aHHbie penieHHH He hmciot Hyjieii (jj,a»ce Ha bccm R), 
a noTOMy hbjijiiotcji penieHHHMH jj,Hcp(pepeHH,HajibHoro ypaBHeHna: ty" — |(^E'') 2 /^' 
BToporo nopHjj,Ka, pa3penieHHoro OTHOCHTejibHO CTapnieii npon3BOji,HOH. HaKOHen,, 
H3 paBeHCTBa /3 = const > n BToporo ypaBHeHna b (10), 3Haa ^ = ty^z), Haxojj,HM 
p Ha npoMe>KyTKe /: pi(z) = /3 2 (z — C + D(z — C) ~ 3 )A 2 i * — 1? 2, cooTBeTCTBeHHO, 
r^e D — HeKOTopaa KOHCTaHTa, TaKaa hto D = npn i = 1, D ^ — {z — C) 4 RJisi 
jno6oro z € I. H3 paBeHCTB C/^ (zo) = n ^ = 2 /-^o > ™eeM ^ = > 0, 

OTKyjj,a 3HaK KOHCTaHTbi Ai onpejj,ejiHeTCH ojj,H03HaHHO no 3HaKy <pyHKii,HH p Ha 
I, i = 1,2. IlpoBepKa Toro, hto jj,jih jik>6oh yKa3aHHOii napbi (pyHKn,nii (\l/j,pj), 
i = 1,2, (pyHKiniH HBjiaeTCH pj-3aMbiKaioni,eH n cnjibHO pi-saMbiKaion^eii Ha /, 
npnneM $ = 2n//3, npoBO/niTCH Henocpe j^ctbchho . iIpe,n,jio>KeHHe 4 jj,OKa3aHO. 
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/^OKA3ATEJibCTBO teopemh 8. Ulaz 1. IIpe,zniojiojKHM CHanajia, hto (pyHK- 
h,hh \1/ HBjiaeTCH nojiynoKajibHO p-3aMbiKaioineH na (a, &) (cm. onpe^ejieHne 3). 
IlycTb z — z(ip) - orpaHH^eHHoe peineHHe o6o6meHHoro ypaBHeHHH BepTpaHa co 
3HaHemieM napaMeTpa K = Kq h ypoBHeM aHeprnn E' . Oho cymecTByeT bbh- 
ycjiOBHH (3) H3 onpe/jejieHHH 3. 06o3HanHM kq := 2/Kq, a' := infz(M 1 ), 
b' := SMpz(M 1 ), Eq := mm £/^ | \ a ',b'] ■ Toiyja [a', b 1 ] C (a, b). Ecjih ze i3<0 (<p) - orpa- 
HHneHHoe peineHHe ypaBHeHHH npn K = Kq c ypoBHeM SHeprnn E £ (Eq, E'], Taxoe 
hto ze,x o {0) € (a', &'), to b cnjiy npe;ijio:>KeHHH 2 HMeeM ze j ^- (]R 1 ) C [a', 6'], a b 
CHjiy ycjiOBHH (V) s_loc H3 onpe,n,ejieHHH 3 peineHHe £.e j3 < (<£>) nepnoiTHHHO. 3HanHT, 
BbinojiHeHO ycjiOBne (a) H3 npe,n,jio>KeHHH 3 npn U = U^, a noTOMy, corjiacHO 
npejijioaceHHio 3, BbinojiHeHO ycjiOBiie (b) 3Toro yTBep>Kij,eHHH npn U = U^ a . Mh 
yTBep»c,ii,aeM, hto cooTBeTCTByioinHH OTpe30K [cx,Ca] C (a',b r ) hbjihctch HeBbipo»c- 

^eHHOft TOHKOH JIOKajIbHOrO MHHHMyMa (pyHKHHH U^g. fleHCTBHTejIbHO, B cnjiy (8) 

h ycjiOBHH (V) s_loc H3 onpe/jejieHHH 3, BbinojmeHO U£ (ci) > (TaK KaK b cjiynae 
U''(ci) = MHO»cecTBO 3HaHeHnii (pyHKHHH nepno^,a co/jepjKHT HHTepBaji BBH/ry 
(8), a noTOMy He coctoht h3 nonapHO con3MepHMbix nnceji, hto npoTHBopeHHT ycjio- 
bhk) (V) s_loc H3 onpe^ejieHHH 3). 3HanHT, OTpe30K [ci,£^] C (a',b') hbjihctch HeBbi- 
po>K^eHHOii tohkoh jiOKajibHoro MHHHMyMa cbyHKHHH Uxq, T.e. BbinojiHeHO ycjiOBne 
(3) loc H3 onpejj,ejieHHH 3. HoaTOMy cbyHKHHH '5 hbjihbtch jiOKajibHO p-3aMbiKaioineH 
Ha (a, b). 

Ecjih ^> hbjihctch p-3aMbiKaioineH hjih cnjibHO hjih cjia6o p-3aMbiKaioineH, to OHa 
aBTOMaTHnecKH hbjihctch JiOKajibHO p-3aMbiKaioni,eH (cm. 3aMenaHHe 3(a)). 

Ulag 2. IlycTb Tenepb cbyHKHHH 'J' hbjihctch JiOKajibHO p-3aMbiKaioineH Ha (a, b), 
h cbyHKHHH p He HMeeT Hyjieft Ha (a, 6). IlycTb zq £ (a, 6) - HeBbipo»c,ii,eHHoe ycToii- 
HHBoe nojio»ceHHe paBHOBecnn ypaBHeHHH npn HeKOTopoM K = Kq > (oho cy- 
mecTByeT b cnjiy ycjiOBHH (3) loc H3 onpe/jejieHHH 3). TaK KaK BbinojiHeHO ycjiOBne 
(V) loc , to, corjiacHO nacTH (A) jiOKajibHoft o6o6meHHOH TexHHHecKoii TeopeMbi Bep- 
TpaHa (cm. npe^,jio»ceHHe 4) npn x = 2/K 2 h Hq — 2/Kq, cbyHKHHH ^,p yn,OBjie- 
TBopsnoT CHCTeMe jj,H(p(pepeHii,HajibHbix ypaBHeHHH (10) b HeKOTopoii OKpecTHOCTH 
(zq — e, zq + e) C (a, b) tohkh zq. IlycTb (ao,&o) ^= (a ; o) - MaKCHMajibHbiii no 
BKjnoHeHHio HHTepBaji, cojj,ep»cani,HH TOHKy zq, Ha kotopom BbinojiHeHbi jj,H(p(pe- 
peHniiajibHbie cooTHonieHHH (10). B cnjiy rjiajTKOCTH cbyHKii,HH ^,p, cooTHonieHHH 
(10) BbinojmeHbi Ha npoMe»cyTKe / := [ao,&o] H (a,b). OTCio^a h h3 JiOKajibHoft 
o6o6m,eHHOH TexHHHecKoii TeopeMbi BepTpaHa (cm. npejijiosceHne 4) cjie,a,yeT, hto b 
HeKOTopoii OKpecTHOCTH npoMe»cyTKa / b (a, b) BepHa ojopa H3 (popMyji jj,jih napbi 
(^,/9), yKa3aHHbix b npejj,jio>KeHHH 4(B). OTCK>jj,a / = (oo,6o) = ( a ,b), t&k k&k b 
npoTHBHOM cjiynae HHTepBaji (ao,b ) HeMaKCHMajieH. 

TaKHM o6pa30M, Ha BceM HHTepB ajie (a, b) BepHa o^Ha H3 cbopMyji jj,jih napbi 
(^jp), yKa3aHHbix b npejj,jio>KeHHH 4(B). CorjiacHO npejj,jio>KeHHio 4(B). "J hbjihct- 
ch p-3aMbiKaioni,eH h cnjibHO p-saMbiKaiomeH. OTCio^a ^ hbjihctch TaK»ce nojiyjio- 
KajibHO h cjia6o p-saMbiKaiomeH (cm. 3aMeHaHne 3(a)), T.e. yn,OBjieTBopjieT jno6oMy 
H3 nHTH onpejj,ejieHHii p-3aMbiKaioni,eH cbyHKii,HH (cm. onpejj,ejieHHe 3). 

Ulaz 3. Ecjih p(z) HBjraeTCH jikhchhoh B03pacTaioni,eH Ha (a, b) (pyHKHiieii, to 
HMeiOT MecTO o6e B03MO>KHbie p-3aMbiKaiom,He cnjiOBbie cbyHKii,HH ^i(z) = A^(z — 
C) 1 ^ 1 j i = 1, 2, npHHeM cooTBeTCTByiom,He yrjiOBbie nepHOjj,bi paBHbi $^ = 27r//3j = 
2tt j (iy/p r ) ■ Ecjih p(z) HMeeT bhjj, pi(z) npn D ^ 0, to B03MO>KHaH p-3aMbiKaioni,aH 
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CHjiOBaa (pyHKHHH pobho o/nia: sto ^2(2) = A(z — £)~ 3 , npnneM $ = 2ir//3. B 
o6ohx cjiynaax H3 3aKOHa coxpaHeHHH SHeprnn bhbo^htch, hto pememiH z = z(tp) 
cooTBeTCTByioiii,Hx o6o6m,eHHbix ypaBHeHnii BepTpaHa HMera bh^, yKa3aHHbiH b 
§2.3, r A e z(r) - C = -6(r) = -fJ?9(r), = / 2 (r)F'(r) = -dV(r(z))/<fe, D = 

/i 8 d. HaKOHeu,, ecjin p = p(z) He npHHa/jjiejKHT hi o^HOMy H3 A B y x yKa3aHHbix 
bh/job, to He 6y^eT cymecTBOBaTb hh o^hoh /9-3aMbiKaiomeH chjioboh cpyHKiniH ^ . 
06o6m,eHHaH TexHHHecKaa TeopeMa 8 BepTpaHa nojiHOCTbio ^OKasaHa. 

§ 5. OGupiii cjiynafi flBHaceran b ijeHTpajitHOM nojie chji 

,IIOKA3ATEJlbCTBO teopem 5 H 6. IHaz 1. OnHineM paccMaTpHBaeMyro cncTe- 
My. IlycTb Ha noBepxHOCTH S ~ (a, b) x S 1 c KOop/nmaTaMH (r, p mod 2ir) 3a/i,aHbi 
pHMaHOBa MeTpHKa (1) h noTeHunaji V = V"(r), KOTopbiii 3aBHCHT tojibko ot ko- 
op/niHaTbi r. Haft^eM ycjiOBHe Ha MeTpnicy, HBjisnomeecH KpHTepneM bo3mojkhocth 
o6o6m,eHHH pe3yjiBTaTa BepTpaHa Ha cooTBeTCTByiomyio CHCTeMy. Byn,eM o6o3Ha- 
naTB nepe3 ()' npoH3BO/myio no i, nepe3 ()' r — npon3BO/myio no r, a nepe3 ()^ - 
npoH3BO,n,Hyio no ip. 

Illag 2. JIarparoKHaH /mKscemiH HMeeT bh/i, L — \ (r 2 + f 2 (r)<p 2 ) — V(r), a 
ypaBHeHHH 3njiepa-JIarpaH>Ka Bbirjra/yrr TaK: 

ff' r <p 2 -V;-¥ = 0, (^/ 2 )'=0, K := pf = const. (19) 

Ilpn K — ,n,BH>KeHHe nponcxo/niT no npHMOft {p — const}. IlycTb ,n,ajiee K 7^ 
0. IIocKOJibKy ip = j2 7^ 0, Ha TpaeKTopnn /mHJKEHHH (r(t),tp(t)) mo>kho BBec™ 
napaMeTp tp bmccto t. 

JlEMMA 1. Ilpu X^O (f>yHKV,UM r — r(ip), 3adatoui,aM op6umy deuMcenusi mou- 
ku no noeepxHocmu S ~ (a, b) x S 1 c MempuKou (1) e ye.nmpaji'bnoM nojie c no- 
meHV,uaMOM V(r), ydoejiemeopsiem cjiedywuifiMiy mocucdecmey: 

K 2 (-(6 o r% 9 + j^j = f 2 (r)V;(r), (20) 

zde @ = O(r) — npou3eojit>Hasi d)yHKv,usi, maKasi umo dQ(r) — jr^y- To ecrtih, 
(f>yHKV,ufi z(ip) := — o r((p) siejisiemcsi pemenueM o6o6vut,eHHOzo ypaeHenusi Bep- 
mpana npu p(z) = f Jf^(g)) » ^( z ) = f 2 ( r ( z )) V r( r ( z ))- 

/],OKA3ATEJIbCTBO. npOH3BO,n,Hbie nO tup CBH3aHbI COOTHOnieHHHMH 

dr _ K dr _ d(Qor) d 2 r _ K 2 d 2 {Qor) 
dt ~ f 2 {r)dp ~ dp ' dt? ~ f 2 (r) JpP- ' 

r,n,e dO(r) — jr^y- IlepBoe ypaBHeHne b (19) npHMeT bh,h, 

K 2 K 2 
-(Qor)" — \-f'(r)— — =V'(r). 

V w ' J (pip pr r \~ JrV J f3f r \ r rV J' 

Hjih. hto SKBHBaneHTHO, (20), hto h Tpe6oBajiocb noKa3aTb. JleMMa ^,OKa3aHa. 
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B CHjiy jibmmbi 1 cpyHKHnn r — r(ip), 3a/i,aioiHHe jTBHXMHHe totkh no paccMaT- 
piiBaeMoft noBepxHOCTH b ueHTpajiBHOM nojie chji, coBnajj,aiOT c peineHHHMH ypaB- 
HeHHii, o6pa3yioiHHx ceMeiicTBO o6o6meHHBix ypaBHeHHft BepTpaHa c napaMeTpoM 
K, paBHbiM 3HaHeHHK> KHHeTnnecKoro MOMema Ha cooTBeTCTByioiHHx TpaeKTopirax 
Abh^hhh, r A e z{r) = -0(r), d&(r) = p(z) = j$§, if?(z) = / 2 (r)V r '(r) = 

-■£V(r(z)), |^ = f^(r[t]) v r( r ( z ))) 3<p4>eKTHBHbift nOTeHUHaji K 2 U 2 /k 2 (z) = 
2p%(z)) ^( r ( z ))- OTCio^a cjie/ryeT, hto KajKjjpe H3 ycjiOBHii (3) h (3) 1oc Ha no- 
TeHiniaji V — V(r) (cm. onpe/jejieHne 2) paBHOCHjiBHO o,zi;HOHMeHHOMy ycjiOBHio 
Ha cpyHKH,Hio if? — if?(z) (cm. onpe/jejieHne 3); a Kaomppe H3 ycjiOBHii (V), (V) loc h 
(V) s_loc Ha noTeHiniaji V paBHOCHjiBHO "pauiiOHajiBHOMy aHajiory" ojTHOHMeHHoro 
ycjiOBHH Ha cpyHKH,Hio if?. 3,n,ecb paniiOHajiBHBin aHajior ycjiOBna Ha cpyHKiniio if? 
nojiynaeTCH: H3 3Toro ycjiOBna 3aMeHOii Tpe6oBaHHH nonapHoii con3MepHMOCTH yita- 
3aHHbix nepno/ipB Ha (6ojiee cnjibHoe) Tpe6oBaHne coH3MepHMOCTH sthx nepno^OB 
c 2tt. TaKne p-3aMMKaioinHe cpyHKiniH if? Ha30BeM pai^uoHajiKHo p-saMtiKawu^uMiu. 
II o onpe/jejieHHio 1(a) TOHKa zq = — 0(t"o) hbjihctch ycToftHHBBiM nojio»ceHHeM 
paBHOBecHH o6o6m,eHHoro ypaBHCHHH BepTpaHa npn K = Kq Torjia h tojibko to- 
r,n,a, Kor^,a OKpy>KHOCTB {ro} x S 1 hbjihctch chjibho ycTOHHHBOft KpyroBoft op6n- 
Toit, TaKoii hto 3kshbhsb HHTerpajia KHHeTnnecKoro momghtb, Ha cooTBeTCTByio- 
ineii TpaeKTopHH paBHO Kq. 3HaHHT, noTeHnnaji V HBjiaeTCii 3aMBiKaioiHHM (co- 
OTBeTCTBeHHO jiOKajibHO, nojiyjiOKajibHO, chjibho hjih cjia6o 3£lmbik£lioh^hm) jijih 
MeTpHKH (1) Torjj,a h tojibko TOiyja, KOiyja (pyHKHiiH if! HBjraeTCJi pauiiOHajiBHO 
/9-3aMBiKaiomeH (cootbctctbchho jiOKajiBHO, nojiyjiOKajiBHO, chjibho hjih cjia6o pa- 
u,HOHajiBHO /9-3aMBiKaioiHeH) . B CHjiy o6o6m,eHHOH TexHHHecKoii TeopeMBi BepTpaHa 
8, p,sik jiio6oh noBepxHOCTH S c pHMaHOBOii MeTpHKOit (1) jiio6oh nojiyjiOKajiBHO 3a- 

MBIKaiOIHHH nOTeHH,HajI V HBJIHeTCH JiOKajiBHO 3aMBIKaiOIHHM, a ecjiH / He HMeeT 
KpHTHHeCKHX TOHeK Ha (d, b), TO BCe nHTB KJiaCCOB 3aMBIKaiOIHHX nOTeHH,HajIOB (cm. 

onpejj,ejieHHe 2) coBnajj,aiOT h o6jiajj,aiOT cjiejryioiHHMH CBOiiCTBaMH. 

Bo-nepBBix. cymecTByeT He 6ojiee ppyx (c tohhoctbio pp ajj^HTHBHOH h MyjiBTH- 

njIHKaTHBHOH KOHCTaHT) 3aMBIKaK>IHHX UeHTpajIBHBIX nOTCHHIiajIOB V(r). 

Bo-BTOpBIX, CyiII,eCTBOBaHHe pOBHO JXByX (C TOHHOCTBK) ,H,0 a^LiniTHBHOH H MyjIB- 
THnjIHKaTHBHOH KOHCTaHT) 3aMBIKaK>HI,HX H,eHTpajIBHBIX nOTeHH,HajIOB V\ H V% paB- 
HOCHJIBHO yCJIOBHK) 

(HTO SKBHBajieHTHO yCJIOBHK) frr{ r )f{ r ) ~ (/r( r )) 2 = ~^ 2 )i r A e C = \j P' ( z ) — nOJIO- 

jKHTejiBHaa panHOHajibHaH KOHCTaHTa, OTBenaiomaH hoctohhhoh BepTpaHa /3j = i£ 
(i = 1,2, b 3aBHCHMOCTH ot BHjj,a noTeHii,Hajia) H3 TeopeMBi 8 (cm. npejj,jio>KeHHe 
4(B)). B cjiynae (21) BBinojmeHO z(r) — ^fjj^j + (■ ( SyHKH,HH z(r) 6Bijia onpe- 
jj,ejieHa c tohhoctbio ,n,o a,iLTniTHBHOH KOHCTaHTBi; jj,jih onpejj,ejieHHOCTH nojio>KHM 
z(r) := gff(r) i OTKyjj,a p(z) = £ 2 z, 0(r) = - g { j& . B cnjiy o6o6ni,eHHOH Tex- 
HHHecKOH TeopeMBi 8 BepTpaHa paunoHajiBHO p— 3aMBiKaioiii,He (pyHKHiin hmmot 
bh^i, if?i(z) = AiZ 1-1 , i = 1,2, iyje A^z > 0, A 2 > 0. OTCK>;xa no jieMMe 1 3a- 
MBiKaiomne noTeHii,HajiBi hbjihiotch rpaBHTaniiOHHBiM h och,hjijihtophbim, T.e. HMe- 
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idt BHfl K(r) - (-/*<(*)<&)!*=_«(,.) - (-l)i^||e(r)| 2 - l 7z + B, i = 1,2, r A e 
B = const G E. 

B-TpeTbHx, cym,ecTBOBaHHe pobho onHoro 3aMbiKaK>mero ueHTpajibHoro noTeH- 
Hiiajia paBHOCHjibHO ycjiOBHio p = — — Z)^-j-, iyje -D 7^ 0, u G Q H M>o h 

BbinojiHeHO p — y-. HHTerpnpoBaHHe paBeHCTBa y = — e+ ^2 e — no <d /jaeT j\ = 

e D ^2 — — i rA e C ~~ npon3BOJiBHaH KOHCTaHTa, OTKy^a f(r) = p/^/Q 2 (r) + C — DO' 

OTCHD^a paUHOHajIbHO p— 3aMbIKaK>IHaH CpyHKHHH ^2 (?) — A2/Z 3 , Tflfi A2(z 4: +D) > 

0. OTcro^a 3aMbiKaK>iii,HH u,eHTpajibHbiii noTeHD,Haji V2(r) = (— J ^2(z)dz)\ z= _Q^ r ) = 
A 2 \e>(r)\- 2 /2 + B, r#e B = const G K. 

OopMyjibi /jjih nepHonpB cpyHKHHH r = r(yj), 3a/i,aioiHHx HCKpyroBbie Heoco- 
6bie orpaHHHeHHbie op6nTbi, h ^;jih KHHeTHHecKHx momchtob Ki, i = 1,2, ,h,jih Kpy- 

TOBblX Op6llT HBJIHK5TCH nOBTOpeHHHMH CpOpMyjI H3 TeOpeMbI 8. 3HaHeHHe KHHeTH- 

necKoro MOMeHTa K Ha KpyroBon op6nTe {r} x S* 1 Haxo/jHTCH H3 cooTHOineHHii K 2 — 
-^jy = /'(r(z)j ^( r ( 2: )) ( CM - TeopeMy 8). npHTHrHBaioiHHH Hemp Haxo/niTCH TaM, 
r^e noTeHHiiaji MHHHMajieH. 3Hax chjibi paBeH — sgnV^'(r) = — sgn O(r)) = 
— sgnp(— S(r)) = — sgn/'(r) = sgn((0 4 (r) + D)Q(r)), a noTOMy b npHTarHBaio- 
meM n,eHTpe ^ocTnraiOTCH inf /(r) h sup(v4.2|©(r)|). 

ZZ/aa 5. H/raK, Mbi npKa3ajiH, hto BbinojiHeHne TO>K^,ecTBa /"/ — (f) 2 = — £ 2 , 
iyje ^ £ Qfl K>oi paBHOCHjibHO TOMy, hto 3aMbiKaioiHHx noTeHHiiajiOB pobho ,n,Ba 

(c TOHHOCTbK) flfi a/mHTHBHOH H nOJIO>KHTejIbHOH MyjIbTHnjIHKaTHBHOH KOHCTaHT). 
ilpe/TbHBHM HBHblit BH,H, (pyHKUHH /, ^JM KOTOpblX 3TO TOJK,H,eCTBO BbinOJIHiieTCH. 

JlEMMA 2. He UMemuiALMU nyjieu pemenusiMU ypaeHenusi f"f — (/') 2 = — £ 2 
npu £ > MBJiMwmcM cjiedywu^ue (f>yHKV ) uu f = /(r) u mojibKO ohu: 

|sin(ar + /3), ±^ sh(ar + /?), ±£r + /?, (22) 

gcte a 5^ 0, /? — npouseoAbHue eeui,ecmeeHHue Kcmcmanmu, u r npunadjieoKum 
UHmepeajiy, e KomopoM f(r) =/= 0. 

II,OKA3ATEJlbCTBO. ilpennOJIOXHlM, HTO f'(r) / B OKpeCTHOCTH HeKOTOpOH 

tohkh. iIojio>KHM /' = p(f). Tor^a /" = p'p. ilycTb w = p 2 . Tor,n,a ncxo,n,Hoe 
^H<pcpepeHn,HajibHoe ypaBHeHne npHMeT bh^ w'f — 2w — 2^ 2 . Ero penieHneM hb- 
jiaeTCH (pyHKn,HH w — w(f) — C\f 2 +£ 2 . OTCio^a nojiynaeM: ±dr — —^=M==. 

B 3aBHCHMOCTH ot 3HaKa KOHCTaHTbi C\ nojiynaiOTCH penieHHH (22) npn C\ < 0, 
C\ > h C\ — cooTBeTCTBeHHO. HanajibHbie ycjiOBHH (/(0), /'(0)) 3thx penieHnft 
o6pa3yK>T mhokcctbo {(^sin/3,^cos^),±(f sh/3,^ch/3),(/3,±0} => (K\{0» xl, 
iyje a G M \ {0}, /3 G M. IlocKOjibKy / hbjihctch penieHneM ^H<p<pepeHn,najibHO- 
ro ypaBHeHHH II nopa^Ka, pa3penieHHoro OTHOCHTejibHO CTapnieft npoH3BO,n,HOH, c 
rjia^Koft npaBoii nacTbio (BBH^y / ^ 0) , to ^,pyrax penieHnii 6e3 Hyjieft HeT. 

3amemahhe 9. AHajiornHHbiM o6pa30M ,n,OKa3biBaeTCH, hto He hmcioihhmh Hy- 
jieii penieHHHMH ypaBHeHHH —f"f + (/') 2 = ' l = const sC hbjihkjtch (pyHKHHH 
f( r ) = ^ ch(ar + p) npn h< 0, fir) = ae Pr npn h = 0, r,n;e a ^ 0, € M. 

C yneTOM 3aMeH 0(r) = p 2 9(r), C — /x 4 c, 13 = /i 8 <i TeopeMbi 5 h 6, a TaKxce 
cpopMyjibi op6nT H3 §2.3 ,n,OKa3aHbi. 
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Mh Tax>Ke ^,OKa3ajiH TeopeMy 7(A), (C), paBHOCiuibHOCTb ycjiOBHii (a) 11 (b) h 
e/iiiHCTBemiocTB Ha6opa b (b) 113 TeopeMbi 7(B). PaBHOCiuibHOCTb ycjiOBHii (b) h 
(c) TeopeMbi 7(B) cjie^yeT H3 cooTHOHieiiiiii Qci.dAO) = ^~ 2 Qc,d(^9), r ci,di{8) = 
A(r Ci(2 (A0) - r ), A _1 /ci,di,k(A(r - r )) = f c ,d,k(r) RJin c := A 2 ci, ci := A 4 c?i, A > 0. 
Cne/jCTBiie 2(A),(B),(C) bbibo/iiitcji h3 npiiBO/iiiMbix b hcm cbopMyji h Ta6jinirbi 1. 
Cjie^CTBHe 2(D) HBjiaeTCH H3BecTHbiM cbaKTOM, othochhiiimch k npoH3BOjiBHBiM no- 
BepxHOCTHM BpameHHH ii hx MHoroMepHBiM aHajioraM. IlepBaji nacTb cjie/iCTBiiH 
3(A) BBiTexaeT 113 e/iiiHCTBeimocTii Ha6opa (c,d,k) ii e/iiiHCTBeHHOCTii iraoMeTpiiH- 
hoto Bjio»ceHH!i noBepxHOCTH S b noBepxHOCTB BepTpaHa (S Ci d,k, ds 2 ^ c d ), cm. ycjio- 
bh6 (b) TeopeMbi 7(B), BBii/iy e/iiiHCTBemiocTii Hiiceji ro,?7 (npii /i > 0, He o6a3a- 
TejiBHO \i € QnIR>o). IlepBaH nacTb cjic^ctbhh 3(B) BBiTeKaeT 113 paBHOcmiBHOCTH 
ycjiOBHii (b) ii (c) TeopeMBi 7(B). BTopBie Hacrii yKa3aHHbix cjie/iCTBiiH (o nonap- 
hoh HeiraoMeTpiiHiiocTii, jiOKajibHoil HeiisoMeTpiiHHOCTii , Heno/io6iiJi, jiOKajibHoro 
Heno,n,o6nH) BbiTeKaiOT H3 nepBbix nacTeii h npoii3BOjiBHOCTii MHOJKiiTejieii [i, A > 0. 
ConocTaBjieHiia H3 cjie^CTBHH 3(C) nepeBO/iHT reo/ie3iiHecKiie b reo/jesiiHecKiie b 
ciijiy hbhbix cbopMyji ^jih reo/jesiiHecKiix, cm. §2.3 npii A = 0. 
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